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1 IntrodutionWe are investigating a systemati approah to nanotehnology based on a small num-ber of moleular building bloks (MBBs). Central to our approah is the identi�ationof a small set of suh MBBs that is provably suÆient for ontrolling the nanosalesynthesis and behavior of materials. To aomplish this we have made use of ombina-tory logi [CFC58℄, a mathematial formalism based on network (graph) substitutionoperations suggestive of supramoleular interations. This theory shows that twosimple substitution operations (known as S and K) are suÆient to desribe any om-putable proess (Turing-omputable funtion) [CFC58, se. 5H℄. Therefore, these twooperations are, in priniple, suÆient to desribe any proess of nanosale synthesisor ontrol that ould be desribed by a omputer program. In a moleular ontext,several additional housekeeping operations are required beyond S and K, but the totalis still less than a dozen.In addition, omputer sientists have known for deades how to ompile ordinaryprograms into ombinator programs, and so this approah o�ers the prospet of om-piling omputer programs into moleular strutures so that they may exeute at themoleular level and with \molar" degrees of parallelism. Further, the Churh-RosserTheorem [CFC58, h. 4℄ proves that substitutions may be performed in any order orin parallel without a�eting the omputational result; this is very advantageous formoleular omputation. (More preisely, the theorem states that if you get a result,you always get the same result. Some orders, however, may lead to nonterminatingomputations that produe no result. To date, we have found little need in moleularomputing for suh potentially nonterminating programs.)At IEEE-Nano 2002 we presented an overview of the strategy and potential ofmoleular ombinatory omputing [Ma02f℄. In this report, in addition to a brief in-trodution to moleular ombinatory omputing, we disuss possible moleular imple-mentations as well as our aomplishments in the (simulated) synthesis of membranes,hannels, nanotubes, and other nanostrutures.2 Combinatory Computing2.1 Computational PrimitivesMoleular ombinatory programs are supramoleular strutures in the form of binarytrees. The interior nodes of the tree (whih we all A nodes) represent the appliationof a funtion to its argument, the funtion and its argument being represented by thetwo daughters of the A node. The leaf nodes are moleular groups that funtionas primitive operations. As previously remarked, one of the remarkable theorems ofombinatory logi is that two simple substitution operations are suÆient for imple-menting any program (Turing-omputable funtion). Therefore we use primarily thetwo primitive ombinators, K and S (whih exists in two variants �S and S proper).
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Figure 1: K ombinator substitution operation. U , X, and Y represent any networks(graphs).To understand these operations, onsider a binary tree of the form ((KX)Y ), whereX and Y are binary trees (Fig. 1). (The A nodes are impliit in the parentheses.)This on�guration triggers a substitution reation, whih has the e�et((KX)Y ) =) X: (1)That is, the omplex ((KX)Y ) is replaed by X in the supramoleular network stru-ture; the e�et of the operation is to delete Y from the network. The K group isreleased as a waste produt, whih may be reyled in later reations. The tree Y isalso a waste produt, whih may be bound to another primitive operator (D), whihdisassembles the tree so that its omponents may be reyled. The D primitive is the�rst of several house-keeping operations, whih are not needed in the theory of om-binatory logi, but are required for moleular omputation. (Detailed desriptionsan be found in a prior report [Ma02d℄.)The seond primitive operation is desribed by the rule:(((SX)Y )Z) =) ((XZ)(Y Z)): (2)This rule may be interpreted in two ways, either as opying the subtree Z or asreating two links to a shared opy of Z (thus reating a graph that is not a tree). Itan be proved that both interpretations produe the same omputational result, butthey have di�erent e�ets when used for nanostruture assembly. For this reason weneed both variants of the operation, whih we denote S (repliating) and �S (sharing).The moleular implementations of the two are very similar (see Fig. 2).
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Figure 2: S and �S ombinator substitution operations. C = R for S and C = V for �S.Note the reversed orientation of the rightmost A group.If C = R (a repliation node), then other substitution reations will begin therepliation of Z, so that eventually the two links will go to two independent opies ofZ: (((SX)Y )Z) =) ((XZ)(Y Z 0)): (3)Here Z 0 refers to a new opy of the struture Z, whih is reated by a primitiverepliation (R) operation. The R operation progressively dupliates Z, \unzipping"the original and new opies [Ma02d℄. The properties of ombinatory omputing allowthis repliation to take plae while other omputation proeeds, even inluding useof the partially ompleted repliate (a onsequene of the Churh-Rosser theorem).The �S variant of the S operation is essential to moleular synthesis [Ma02d℄.Thus, if C = V (a sharing node), then we have two links to a shared opy of Z(Fig. 2): (((�SX)Y )Z) =) ((XZ(1))(Y Z(0))): (4)The struture reated by this operator shares a single opy of Z; the notations Z(1)and Z(0) refer to two links to a \Y-onnetor" (alled a V node), whih links to theoriginal opy of Z. (Subsequent omputations may rearrange the loations of the twolinks.) The prinipal purpose of the �S operation is to synthesize non-tree-struturedsupramoleular networks.
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Figure 3: �Y ombinator primitive substitution operation. Arrows indiate link dire-tion; note elementary yle between A and V groups.Finally, we use the �Y operator to reate elementary yli strutures, whih anbe expanded into larger yles. It is de�ned [Ma02d℄:(�YF ) =) y(1) where y � (Fy(0)): (5)See Fig. 3. The operation reates an elementary yle, whih may be expanded byomputation in ombinator tree F . Examples of the use of both �S and �Y are given inSe. 3.2.2 Moleular ExtensionsThe primitive substitutions already mentioned (K; S; �S; �Y) are adequate for desribingthe assembly of stati strutures, but for dynami appliations we will need additionaloperations that an respond to environmental onditions (\sensors") or have nonom-putational e�ets (\atuators"). Many of these will be ad ho additions to the basiomputational framework, but we are developing general interfae onventions to fa-ilitate the development of a systemati nanotehnology [Ma03a℄. For example, wemay design a moleular group K�� that is normally inert, but is reognized (andtherefore operates) as K in the presene of an environmental ondition � (e.g., lightof a partiular wavelength or a partiular hemial speies). Suh a sensor may beused to ontrol onditional exeution, suh as the opening or losing of a hannel ina membrane (see Se. 3.5.1).
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Figure 4: Visualization of ross-linked membrane produed by xgrid3;4NNN. A groupsare red, V groups green; other groups are inert.3 ExamplesWe have investigated the synthesis of a number of nanostrutures by moleular ombi-natory omputing. These inlude membranes and nanostrutures of several di�erentarhitetures. We have developed also systemati means to ombine these into larger,heterogeneous strutures, and to inlude ative elements suh as hannels, sensors,and nano-atuators.3.1 MembranesFor our �rst example we will disuss the synthesis of a ross-linked membrane, suh asshown in Fig. 4. Suh a struture is produed by the ombinator program xgrid3;4NNN,where xgrid is de�ned:xgridm;n = B(B(Zm�1W))(B(Zn�1W)(Zm ��n)); (6)
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whih is an abbreviation for a large binary tree of A, K, S, and �S groups. Unfor-tunately, spae does not permit an explanation of this program or a proof of itsorretness, both of whih may be found in a tehnial report [Ma02a℄. However,all the ombinators that it uses are de�ned in the appendix to this report. In theformula xgridm;nXY Z, the parameters m and n are the height and width of the mem-brane, respetively. X, Y , and Z are the terminal groups to be used on the left ends,right ends, and bottoms of the hains. (In the expression xgrid3;4NNN, N is any inertgroup.)The size of xgridm;n, the program struture to generate an m� n membrane, anbe shown [Ma02a℄ to be 20m + 28n + 73 primitive groups (A, K, S, �S). This doesnot seem to be unreasonable, even for large membranes, but it an be dereased moreif neessary. For example, if m = 10k, then Zm in Eq. 6 an be replaed by ZkZ10,reduing the size of this part of the program from O(10k) to O(k) (see [Ma02d℄for explanation). Similar ompressions an be applied to the other parts dependenton m and n. Therefore, by these reoding tehniques the size of the program an besuessively redued to O(logm+logn), to O(log logm+log logn), et. Furthermore,as will be explained in Se. 3.4, large membranes an be synthesized by iterativeassembly of small pathes.3.1.1 Hexagonal MembraneFor another example, onsider the hexagonally strutured membrane in Fig. 5. It isonstruted by the ombinator program hgridt2;3N, where [Ma02a℄:Arown = B �W[n�1℄ Æ B[n℄; (7)Vrowtn = �W[n℄ Æ KI Æ K(2n�2) Æ B[n�1℄ Æ C[n℄IN Æ CIN; (8)drowtn = Vrowtn Æ Arown; (9)hgridtm;n = Zn�1W(ZmdrowtnN): (10)The size of the program is O(m+ n) primitive ombinators.3.2 NanotubesNext we onsider the synthesis of nanotubes, suh as shown in Figs. 6 and 7. This isaomplished by using the �Y ombinator to onstrut a yle between the upper andlower margins of the ross-linked membrane (Fig. 4). The program is [Ma02a℄:xtubepm;n = �Wm�1(Wn�1(��mn N)(Bm�Y(C[m℄I))): (11)The size of xtubepm;n is 102m+ 44n� 96 primitive groups (A, K, N, S, �S, �Y).
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Figure 5: Visualization of small hexagonal membrane synthesized by hgridt2;3N.
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Figure 6: Visualization of small nanotube, end view, produed by xtube5;4N.
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Figure 7: Visualization of small nanotube, side view, produed by xtube5;4N.
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3.3 Non-unit MeshesThe membranes and nanotubes previously desribed are said to have a unit mesh,that is, the dimensions of the basi (square or hexagonal) ells are determined bythe size of the primitive groups (A, V) and the links between them. It is relativelystraight-forward to modify the preeding de�nitions to have larger mesh-dimensions(multiples of the ells). In addition, various pendant groups an be inorporated intothe struture. (See a forth-oming report [Ma03a℄ for details.)3.4 Assembly of Heterogeneous StruturesLarge membranes will not be homogeneous in struture; often they will ontain poresand ative hannels of various sorts embedded in a matrix. One way of assemblingsuh a struture is by ombining retangular pathes as in a pathwork quilt. To a-omplish this we have de�ned a uniform interfae for suh pathes (see a forthomingreport [Ma03a℄ for details).A ombinatory program P onstruts an m�n path if it has the following pathsynthesizer \signature":PFY1 � � �YnX1 � � �Xm =) FV1 � � �VmU1 � � �Un:F is any ombinatory operator (espeially another path synthesizer). X1; : : : ; Xmwill be horizontal onnetions from the path to the right (or terminal groups ifthis is the right-most path); similarly Y1; : : : ; Yn are vertial onnetions from thepath below. Whatever retangular struture is reated by P (e.g., a ross-linkedor hexagonal grid), V1; � � �Vm represents the horizontal onnetions from its left side,and U1; : : : ; Un, the vertial onnetions from its top. The Vk and Uj onnetions arepassed to F , whih is typially another path synthesizer.Any suh path may be joined either horizontally or vertially with another pathof ompatible dimensions, to yield a path ombining the two. For example, if P isan m � n path and Q is an m � n0 path, then Bn+1QP is an m � (n + n0) pathwith Q to the right of P . Similarly, if P is m� n and Q is m0 � n, then P Æ BmQ isthe (m+m0)� n path with P below Q.Nanotubes an also be synthesized in path format to allow end-to-end onnetion.If T is a pathable tube synthesizer of length m and U is one of length m0, both of thesame irumferene n, then U ÆT is a path synthesizer that onnets U to the right ofT . This operation is easily iterated, for T k is k repliates of T onneted end-to-end(and thus of length km). This operation an also be expressed ZkT . If, as is ommonlythe ase, the size of the synthesizer T is O(m+n), then the size of ZkT is O(k+m+n).Similarly, retangular pathes an be iteratively assembled, both horizontally andvertially, to hierarhially synthesize large, heterogeneous membranes. This allowsus to build upon a basi library of elementary membrane pathes, pores, and othernanostrutural units.
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3.5 Ative ElementsRather than omputing to a stable state, dynami strutures remain potentially a-tive, ready to respond to environmental onditions [Ma03a℄. Unfortunately, spaedoes not permit a detailed disussion of the synthesis of membranes with pores andhannels; the following brief remarks must suÆe.3.5.1 Pores and Ative ChannelsA retangular pore is simply a path in whih the interior is an open spae. Thesepores an be ombined with other pathes to reate membranes with pores of a givensize and distribution (all in terms of the fundamental units, of ourse). Pores an beinluded in the surfaes of nanotubes as well.Channels open or lose under ontrol of sensor moleules, whih an respond toonditions, suh as eletromagneti radiation or the presene of hemial speies ofinterest. This is most simply aomplished by synthesizing a moleular group, whihwe denote K��, that responds to ondition � by reon�guring into a K ombinator.Given a sensor, \one-shot" hannels | whih open and stay open, or lose andstay losed | are easy to implement. In the former ase, the sensor triggers thedissolution of the interior of its path (perhaps using the deletion operator D todisassemble it). In the latter ase, the sensor triggers a synthesis proess to �ll ina pore. Reusable hannels (whih open and lose repeatedly) are more ompliated,sine, in order to reset themselves, they need a supply of sensor moleules that areproteted from being triggered before they are used.3.5.2 Nano-AtuatorsNano-atuators have some physial e�et depending on a omputational proess. Cer-tainly, many of these will be synthesized for speial purposes. However, we have beeninvestigating atuators based diretly on the omputational reations. To give a verysimple example, we may program a omputation that synthesizes a hain of somelength; we may also program a omputation that ollapses a hain into a single link.The two of these an be used together, like opposing musle groups, to ause motionunder moleular program ontrol. The fore that an be exerted will depend on thebond strength of the nodes and links (probably on the order of 50 kJ/mol; see Se.4.1.2). However, these fores an be ombined additively, as individual musle �berswork ooperatively in a musle.3.6 Computational AppliationsMoleular ombinatory omputing is not limited to nanostruture synthesis and on-trol, but may be applied to more onventional omputational problems. Suppose we
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want to attak an NP problem with molar parallelism (that is, with a degree of par-allelism on the order of 1023). Further suppose we have a polynomial-time program pto test the orretness of a potential solution x. As previously remarked, the programp an be ompiled into a moleular ombinator tree P ; similarly a potential solutionx an be enoded as a ombinator tree X. Then the tree (PX) will evaluate the po-tential solution, reduing to the moleular ombinator representation of either trueor false: usually K and (SK) [Ma02d℄. Therefore, by produing enough repliatesof P and a suÆient variety of potential solutions Xk, we may evaluate the potentialsolutions with molar parallelism.4 Possible Moleular ImplementationOf ourse, all the advantages of moleular ombinatory omputing are illusory unlessa moleular implementation of the ombinatory operations an be disovered or de-veloped. Therefore we have spent some time trying to develop at least one feasiblemoleular implementation. The two prinipal problems are: (1) How are the om-binator networks represented moleularly? (2) How are the substitution operationsimplemented moleularly?4.1 Combinator Networks4.1.1 RequirementsCombinatory omputing proeeds by making substitutions in networks of interon-neted nodes. These networks onstitute both the medium in whih omputationtakes plae and the nanostruture reated by the omputational proess. Therefore itis neessary to onsider the moleular implementation of these networks as well as theproesses by whih they may be transformed aording to the rules of ombinatoryomputing.The �rst requirement is that nodes and linking groups need to be stable in them-selves, but the interonnetions between them need to be suÆiently labile to permitthe substitutions. Seond, the node types (A, K, S, et.) need to identi�able, sothat the orret substitutions take plae. In addition, for more seure mathing ofstrutures, the link (L) groups should be identi�able. Further, it is neessary to beable to distinguish the various binding sites on a node. For example, an A node hasthree distint sites: the result site, an operator argument, and an operand argument[Ma02d℄.4.1.2 Hydrogen-Bonded Covalent SubunitsOur urrent approah is to implement the nodes and linking groups by ovalently-strutured moleular building bloks (MBBs) and to interonnet them by hydrogen
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bonds. We use a ovalent framework for the nodes and links beause they providea omparatively rigid framework in whih to embed hydrogen bonding sites, andbeause there is an extensive syntheti preedent for engineering moleules of therequired shape and with appropriately loated hydrogen bonding sites [AS03℄. Thisis in fat the strutural basis of both DNA and proteins (hydrogen bonding as ameans of onneting and identifying ovalently-bonded subunits).Hydrogen bonds are used to interonnet the MBBs beause they are labile inaqueous solution, permitting ontinual disassembly and re-assembly of strutures.(H-bond strengths are 2{40 kJ/mol.) Further, other laboratories have demonstratedthe synthesis and manipulation of large hydrogen-bonded tree-like strutures (den-drimers) [SSW91, ZZRK96℄. Nevertheless, hydrogen bonds are not very stable inaqueous solution, so there may be a deliate balane between stability and lability.It is neessary to be able to distinguish the \head" and \tail" ends [Ma02d℄ ofthe L groups (i.e., our graph edges are direted), and we estimate that two or threeH-bonds are required to do this seurely. (For omparison, thymine and adenine havetwo H-bonds, ytosine and guanine have three.) Therefore, if we take 20 kJ/mol asthe strength of a typial H-bond, then the total onnetion strength of a link will beabout 50 kJ/mol.Hydrogen bonding an also be used for reognizing di�erent kinds of nodes bysynthesizing them with unique arrangements of donor and aeptor regions. Currently[Ma02d℄, we are using eleven di�erent node types (A, D, K, L, P, Q, R, S, �S, V, �Y),so it would seem that arrangements of �ve H-bonds would be suÆient (sine theyaommodate 16 omplementary pairs of bond patterns). (Atually, linear patternsof from one to four bonds are suÆient { 15 omplementary pairs { but the slightsavings does not seem worth the risk of less seure identi�ation.)As previously remarked, it is neessary to be able to distinguish the three bindingsites of an A node. However, sine the \tail" of any L group must be able to bind toeither of the A's argument sites, they must use the same H-bond pattern. Therefore,at least part of the disrimination of the A's binding sites must be on the basis of theorientation of the A node. Fortunately, the orientation spei�ity of H-bonds allowsthis.A number of hydrogen-bonding sites an be loated in a small area. For example,thymine (23 atoms) and adenine (26 atoms) have two H-bonds; amino aids arealso small, on the order of 30 atoms and as few as 10. On the basis of the aboveonsiderations, we estimate | very roughly! | that our primitive ombinators (K,S, �S, �Y) might be 90 atoms in size, L groups about 120, and ternary groups (A, V, R)about 150.
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4.2 Substitution Reations4.2.1 RequirementsWe state briey the requirements on a moleular implementation of the primitiveombinator substitutions.First, there must be a way of mathing the network on�gurations that enable thesubstitution reations. For example, a K-substitution (Eq. 1) is enabled by a leftward-branhing tree of the form ((KX)Y ), and an S-substitution (Eq. 2) is enabled by aleftward-branhing tree of the form (((SX)Y )Z) (see Figs. 1 and 2). So also for theother primitive ombinators (D, R, �S, �Y).Seond, the variable parts of the mathed strutures (represented in the substi-tution rules by itali variables suh as X and Y ), whih may be arbitrarily largesupramoleular networks, must be bound in some way. Third, a new moleular stru-ture must be onstruted, inorporating some or all of these variable parts.Further, reation waste produts must be reyled or eliminated from the system,for several reasons. An obvious one is eÆieny; another is to avoid the reationspae beoming logged with waste. Less obvious is the fat that disarded mole-ular networks (suh as Y in Eq. 1) may ontain large exeutable strutures; by thelaws of ombinatory logi, omputation in these disarded networks annot a�et theomputational result, but they an onsume resoures.Finally, there are energeti onstraints on the substitution reations, to whih wenow turn.4.2.2 Fundamental Energeti ConstraintsOn the one hand, any system that is omputationally universal (i.e., equivalent to aTuring mahine in power) must permit nonterminating omputations. On the other,a spontaneous hemial reation will take plae only if it dereases Gibbs free energy;spontaneous reations tend to an equilibrium state. Therefore, moleular ombinatoryomputing will require an external soure of energy or reation resoures; it annotontinue inde�nitely in a losed system.Fortunately we have several reent onrete examples of how suh nonterminatingproesses may be fueled. For example, Koumura et al. [KZvD+99℄ have demonstratedontinuous (nonterminating) unidiretional rotary motion driven by ultraviolet light.In the four-phase rotation, alternating phases are by photohemial reation (uphill)and by thermal relaxation (downhill). Also, Yurke et al. [YTM+00℄ have demon-strated DNA \tweezers," whih an be yled between their open and losed states solong as an appropriate \DNA fuel" is provided. Both of these provide plausible mod-els of how moleular ombinatory omputation might be powered. We an onludethat the individual steps of a ombinator substitution must be either energetially\downhill" or fueled by external energy or reations resoures. In our ase, the mostlikely soures of fuel are the various speies of \substitutase" moleules (see next).
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4.2.3 Use of Syntheti Substitutase MoleulesTo implement the substitution proesses we are investigating the use of enzyme-likeovalently-strutured moleules to reognize network sites at whih substitutions areallowed, and (through graded eletrostati interations) to rearrange the hydrogenbonds to e�et the substitutions. Again, the rih syntheti preedent for ovalently-strutured moleules makes it likely that the required enzyme-like ompounds, whihwe all substitutase moleules, an be engineered. We antiipate the use of three kindsof substitutase moleules for eah primitive ombinator; they implement three stagesin eah substitution operation.The �rst of these moleules, whih we all analysase, is intended to reognizethe pattern enabling the operation and to bind to the omponents of the mathingsubtree. For example, K-analysase binds to a struture of the form ((KX)Y ) (seeFig. 1), in partiular to links to the variable omponents U , X, and Y .The seond stage, whih is implemented by a permutase moleule, physially relo-ates some of the omponents to prepare them for the last stage. To this end, we areinvestigating the use of graded eletrostati interations to move the bound variableparts into position for the orret substitution produt. The permutase moleule alsoinludes any �xed ombinators (e.g., R, V) that are required for the produt, andare bound to other produt omponents at this time. At the end of this stage, theprodut network is essentially omplete, but still bound to the permutase moleule.The �nal moleule, a synthesase, reognizes the on�guration reated by the per-mutase, and binds to the waste strutures, displaing and releasing the desired prod-ut from the permutase. For example, S- or �S-synthesase will remove the (S- or �S-)permutase and release the struture shown on the right in Fig. 2.4.2.4 DisussionFinally, we will review some of the issues that must be resolved and problems thatmust be solved before moleular ombinatory omputing an be applied to nanoteh-nology.First, of ourse, it will be neessary to synthesize the required MBBs for thenodes, and links; fortunately, there is every reason to believe that this is well withinthe apabilities of the state of the art of syntheti hemistry [AS03℄. Also, it willbe neessary to synthesize the required substitutase moleules; again, there is everyreason to believe that this is well within the apabilities of the state of the art ofsyntheti hemistry.A seond problem is error ontrol: substitutions will not take plae with perfetauray, and we know that some substitution errors an result in runaway reations[Ma97, Yar00℄. Therefore we must develop means to prevent errors or to orretthem soon after they our.A third issue is that the supramoleular networks may get quite dense duringomputation, and we are onerned about the ability, and probability, of the substi-
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tutase moleules reahing the sites to whih they should bind (i.e., what are the sterionstraints on the proesses?).Nevertheless, the enormous potential of moleular ombinatory omputing makesthese problems worth solving.5 ConlusionsAfter briey reviewing the onept of moleular ombinatory omputing, we displayedseveral simulated appliations to nanostruture synthesis. We also indiated how itmay be applied to the assembly of large, ative, heterogeneous strutures. Finally,we disussed a possible moleular implementation based on networks of ovalently-strutured MBBs onneted by H-bonds, and substitution operations implementedby endothermi reations with syntheti \substitutase" moleules. Unfortunately, wehave had to omit muh explanation, disussion, and analysis, but it an be found inother publiations from our projet [Ma02a, Ma02, Ma02d, Ma02e℄, arhived atthe projet website: http://www.s.utk.edu/~mlennan/UPIM.6 AknowledgmentsThis researh is supported by Nanosale Exploratory Researh grant CCR-0210094from the National Siene Foundation. It has been failitated by a grant from theUniversity of Tennessee, Knoxville, Center for Information Tehnology Researh. Theauthor's researh in this area was initiated when he was a Fellow of the Institute forAdvaned Studies of the Collegium Budapest (1997).
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A De�nitionsFor ompleteness, we inlude the de�nitions of all ombinators used in this report(exept the primitives K, N, S, �S, and �Y). For additional explanation, see the ombi-natory logi literature [CFC58, e.g.℄ as well as our previous reports [Ma02b, Ma02,Ma02e℄. For onveniene, the omposition operator may be used as an abbreviationfor the B ombinator: X Æ Y = BXY . In ombinatory logi, omitted parentheses areassumed to nest to the left, so for example S(KS)K = ((S(KS))K).B = S(KS)K (12)C = B(BS) (13)I = SKK (14)�S1 = �S (15)�Sn+1 = B�Sn Æ �S (16)W = CSI (17)�W = C�SI (18)Z0 = KI (19)Zn+1 = SBZn (20)��n = �Sn Æ K (21)For any X, X1 = X (22)Xn+1 = X ÆXn (23)X(0) = X (24)X(n+1) = BX(n) (25)X[1℄ = X (26)X[n+1℄ = BX[n℄ ÆX (27)X [1℄ = X (28)X [n+1℄ = X Æ BX [n℄ (29)
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