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Abstract

This paper presents the conjugate gradient and Lanczos methods in a matrix

framework, focusing mostly on orthogonality properties of the various vector

sequences generated. Various aspects of the methods, such as choice of inner

product, preconditioning, and relations to other iterative methods will be con-

sidered. Minimization properties of the methods and the fact that they can

compute successive approximations to the solution of a linear system will be

proved as corollary.
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1 ntro uction

any articles ave alrea y een ritten a out t e con u ate ra ient et o

an t e anczos al orit . o e of t ese focus on recon itioners, so e treat

i erent variants of t e asic et o , an ot ers erive error or conver ence

s ee ro erties of t e et o s for t e istory of t e con u ate ra ient an

anczos et o s an an extensive i lio ra y e refer to [9] . In t is article e

ill ive a uni e resentation of t e con u ate ra ient et o an t e anc-

zos al orit , an erive ro erties re ar in ort o onality an e uivalence of

various for ulations. e ill stress s o in at t e ini al assu tions are

for various ro erties.

In eneral e ill only e concerne it ualitative ro erties of t e et o s,

leavin all uantitative results, suc as conver ence s ee , asi e. e con u ate

ra ient an anczos et o s ill ere e erive as ort o onalization et o s

for rylov se uences, an ini ization ro erties ill e erive fro t is

ort o onality. lso, t e fact t at suc et o s can e use for t e iterative

solution of linear syste s ill e resente as a corollary rat er t an as a

startin oint of t e iscussion.
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itionally, t e resentation ere ill i er fro ost ot ers in t e literature

it t e exce tion of [12] in t at it is iven in ter s of atrices instea

of vector se uences. lt ou an occasional art of t e iscussion ay feel

so e at force y t is, in eneral t e resentation is very concise.

2 Tools: se uences as matrices

ost of t e analysis in t is a er ill tal a out atrices, instea of vector

se uences. e atrix corres on in to a se uence as t e ele ents of t at se-

uence as its colu ns. or instance, a atrix ill ave t e vectors x

1

, x

2

, . . .

as its colu ns. u scri te u ercase letters ill in icate initial arts of se-

uences:

n

is t e atrix it colu ns x

1

. . .x

n

. ou ly su scri te lo ercase

c aracters enote ele ents of atrices:

i

is t e -t ele ent of or t e ;

ele ent of .

o inations of t e ele ents of a se uence can e ex resse y u er trian ular

atrices: if an are se uences an is u er trian ular, t en

ex resses t e fact x

i

i

=1

i

.

In a ition to t e i entity atrix , e ill often nee t e unit lo er su ia -

onal atrix

i; 1

:

i t ulti lication y s ifts a atrix left one colu n, so corre-

s on s to t e relation x

i i 1

et een se uences. n u ate relation

x

i 1

� x

i i

can e ex resse as � .

Lemma n update relation x

i 1

� x

i

i

=1

i

or

�

ith upper triangular can be re ritten as x

i 1

x

1

i

=1

i i

or

�

1

ith upper triangular and

1 i1

roof: t e se uences can e re ritten y al e raic ani ulation. ere is a roof

usin atrix analysis. et e t e s uare atrix

i

, t en �

1

�1

� . u ose � , t en usin �

1

� �

�1

e et

�

1

� �

1

�1

�

�1

:
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ain �

�1

is an u er trian ular atrix.

3 Krylov se uences

In t is section e ill loo at rylov se uences, t at is, vector se uences e-

rive fro successive a lication of a atrix ro uct. inear co inations of

su se uences of a rylov se uence can e associate it an u er essen er

atrix an it atrix olyno ials in t e eneratin atrix of t e se uence.

It is i ortant to note t at all of t e ro erties erive ere are in e en ent

of any conce t of ort o onality.

onsi er t e rylov se uence x

i 1

Ax

i

. is se uence can e ritten in

atrix for as

A : 1

I entities suc as x

i 2

A

2

x

i

follo fro

A A

�1

:

a in linear co inations of rylov vectors ives rise to essen er atrices.

Lemma If A and

1

x

1

that is

1

x

1

for some 0

then is an irreducible upper essenberg matrix i� ith the

rylov sequence 1 and a nonsingular upper triangular matrix satisfying

�1

roof: If is a nonsin ular u er trian ular atrix an , t en

A

�1

ere

�1

is of irre uci le u er essen er s a e, so t e

i

vectors satisfy

a recurrence

i 1;i i 1

A

i

�

i

=1

i

:

onversely, if is an u er essen er atrix an A , t en an u er

trian ular atrix can e eter ine suc t at , na ely as to

satisfy

an t is can e solve recursively. or instance, notin t at t e rst ro of

is zero an ic in

11

ar itrarily :

11 11 12 21

0

12

. . .

11 12 12 22 1 2

0

1

. . .
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en for t e secon ro

11 22 21 22

. . .

12 22 22 2 2 2

. . .

e see t at can e solve if all

i 1;i

0, t at is, if is irre uci le. o

A

�1 �1 �1 �1

so if

1

x

1

, t en .

co ination of rylov vectors can e ex resse as a atrix olyno ial ti es

t e initial vector.

Theorem If A and

1

x

1

then ith upper triangular

if and only if

n 1 n

A x

1

here

n

is an -th degree polynomial ith coe cients in the 1-st column

of

roof: u ose , an consi er t e s littin of t e u er trian ular

atrix as

=

; ia 0; . . . ; 0;

1

; . . . ;

� 1;

ere as initial zeros. or t e colu ns of ic are t e vectors

e n

;n 1

n

=

x

;n 1�

n 1;n 1

n

=

x

;n 1�

n� n�

n 1� ;n 1

n

=

A

n�

x

;1 n 1� ;n 1

n

ere e use A an t e fact t at is t e i entity atrix a art

fro t e rst ia onal ele ents, ic are zero. or t e inverse assertion, rea

t e a ove roof ac ar s.

In t e context of iterative et o s for linear syste s, ere t ese

i

vectors

ill turn out to e resi uals, t e easure of success of t e et o e en s on

o closely t e olyno ials a roxi ate t e zero function. esults re ar in
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t is can e foun for instance in [1], [22] in t is a er e ill not ay any

attention to t is atter.

e olyno ials erive a ove satisfy a si ly recurrence.

Lemma Denoting the polynomials from the previous lemma

n

and de ning

�1

the polynomials satisfy

n 1n n 1

�

nn n

�

n�1

=1

n

roof: ro t e relation relatin t e u er essen er atrix an

t e u er trian ular atrix corres on in to certain s ans of rylov s aces e

see t at can e solve one colu n at a ti e. u ose t e -t colu n

n

as een solve , t en

in 1 n 1n i�1n

�

n

=1

i n

for 1; . . . ; 1. 2

is relation i lies t e recurrence for t e olyno ials

n

.

rtho onali ation

e con u ate ra ient al orit an t e anczos et o can e erive y

i osin various ort o onality con itions on t e se uence erive in t e

revious section. uivalently, t ey corres on to a certain construction for t e

essen er atrix .

Simple orthogonalization: the aler in condition

se uence e ne y A can e c osen se i-ort o onal to anot er

se uence y suita le construction of t e essen er atrix .

lgorithm Let

1

and any sequence be given and suppose inductively

that

n

n

is nonsingular Solve the 1 vector

n

from

n

A

n

n

n n

: 3

hen pick a value for

n 1;n

for instance 1 or 1 A

n

�

n n

and de ne

n 1

from

n 1 n 1;n

A

n

�

n n

: 4

In section 6 1 e shall see factors that dictate certain choices of

i i;i
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Lemma lgorithm 1 constructs a sequence that is semi-orthogonal to

in the sense that

i

0 for the algorithm is ell-de ned if

n

is not

an invariant subspace of A and if the breakdo n condition

n 1

n 1

0 does

not occur

roof: u ose in uctively t at

n

n

is lo er trian ular an nonsin ular. n-

less

n

is an invariant su s ace of A, t e vector

n 1

ill e nonnull. ur-

t er ore,

n

n 1

0 so,

n 1

n 1

is a ain a lo er trian ular atrix. It is

nonsin ular e en in on et er

n 1

n 1

is zero.

e con ition t at

i

is ort o onal to t e � 1- i ensional s ace s anne y

i�1

is often calle a aler in con ition , or er a s ore correctly, a etrov-

aler in con ition [19].

e classical con u ate ra ient et o ste s fro t e c oice .

Lemma he conjugate gradient method corresponds to a transformation

of A to upper essenberg form If A is symmetric this is a tridiagonalization if

A is positive de nite the breakdo n condition ill not occur

roof: If , t en t e lo er trian ular atrix is ia onal, an A

A is a transfor ation of A to essen er for . If A is sy etric,

t en , so is of ot u er an lo er essen er for , ence

tri ia onal.

Lemma ormalizing the

i

vectors in the conjugate gradient method for a

symmetric matrix A leads to a symmetric essenberg matrix

roof: is follo s i e iately fro A .

e uestion et er for unsy etric atrices A t e u er essen er atrix

can ta e on a an e for it a s all an i t is of ractical i ortance,

since suc a for li its t e len t of t e recurrence for t e

i

vectors in 4 .

is uestion as ans ere lar ely ne atively y [25] an ore enerally y [6]:

t e con u ate ra ient al orit ives a tri ia onal atrix if t e s ectru of A

lies on a line in t e co lex lane for ot er atrices t e an i t is a lar e

fraction of t e atrix size.

i orthogonalization

If t e se uence

n

is ase on a rylov recurrence it A , t at is,
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A or A

it of u er essen er s a e, t e colu ns of can e solve in a si ilar

anner to t ose of . ssu e

n

n

is ia onal an non-sin ular. olve

n

fro

n

A

n

n n

n

so t at

n 1

e ne fro

n 1;n n 1

A

n

�

n n

satis es

n 1

n

0, so t at

n 1

n 1

is a ain ia onal, ut ay e sin ular.

viously, if

1 1

an A is sy etric, t en

n n

for all , an

n 1

n 1

is sin ular i

n 1

0. oosin

1

an

1

in e en ently corres on s to t e

anczos et o .

Theorem he Lanczos method generates essenberg matrices and that

are of tridiagonal form under some normalization of the and sequences they

are equal he matrix A is tridiagonal and it is symmetric independent of

the symmetry of A if

roof: e ave t at is a ia onal atrix, so for A e n

A

t at is, it is ot e ual to an u er an to a lo er essen er atrix. erefore

it is tri ia onal. ote t at, unli e a ove, t is conclusion oes not e en on

sy etry, or e uality of t e se uences an .

Ins ectin t e ele ents of A , e n fro t e ; osition t at

n

A

n

n

n nn nn

n

n nn nn

n

A

n

n

n

an si ilarly

1; :

nn 1

n

n

n 1

n 1 n 1n

an

; 1 :

n 1n

n 1

n 1

n

n nn 1

:

e atrices an are relate y

�1

ere is t e ia onal atrix . e see a ain t at

nn nn

for any

nor alization of an if e c oose

n 1n n 1n

, t en

nn 1 nn 1

n 1

n 1

n

n
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so . In eneral, any scalin of t e or se uence t at a es

causes an to e e ual.

If an are e ual, e can co ine t e e ualities A

an A to n t at A is sy etric.

i erent choice of inner product and the symmetriza le case

If e on t ort o onalize an irectly, ut a e ia onal for so e

atrix if t is atrix is sy etric ositive e nite it in uces an inner ro -

uct, o ever t is fact ill not e use in t e follo in erivation , t e a ove

for ulas alter sli tly. irst of all, if e still enerate fro A , t en

n

is to e solve fro

n

A

n

n

n n

so t at

n

n 1

0 if e e ne

n 1 n 1n

A

n

�

n n

:

or t e con u ate ra ient et o , t e u er essen er atrix is usually only

tri ia onal if A is sy etric see t e re ar in section 4.1 . o ever, if A is

sy etric, t en it is clear fro

A 5

t at un er -ort o onalization t e u er essen er atrix is a ain tri i-

a onal.

i erent choice of inner product in the Lanczos method

onsi er a eneralization of t e anczos et o it a atrix in ucin t e

inner ro uct it res ect to ic t e se uences an are ort o onalize .

e ant to e a le to rite . ince A ,

e ave to solve

n

fro

n n

n

n

A

n

an e ne

n 1

n 1n

n

A

�1

�

n n

so t at

n 1

n

0. arently, is no lon er enerate fro a rylov

se uence of A , ut fro one of A

�1

.

not er ore sy etric ay of loo in at t is is to ia onalize , an

let an e enerate fro

A ; :
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e conclu e t at

A ; ;

so in or er to conclu e t e tri ia onality c aracteristic of t e anczos recur-

rence, e nee t at A , t at is,

A

�1

:

In ractice, t is li its to o ers of A or o ers of A

�1

.

5 inimi ation

e c oice of ort o onal se uences for an in t e anczos et o or

ort o onal to itself for t e con u ate ra ient et o lea s to so e ini iza-

tion ro erties. itionally, ini ization ro erties can e i ose y ta in

vector se uences t at consist of linear co inations of t e se uence.

Lanczos Minimized iterations

Theorem Choosing the sequences and to be orthogonal minimizes the

inner products

i

i

modulo some normalization of the sequences

roof: et , e t e rylov se uences follo in fro A an A

, an assu e t at

1

x

1

,

1 1

, an A , A for so e

u er essen er atrix , suc t at is ia onal it ositive ia onal

ele ents.

et furt er

1 1

,

1 1

an A , A for so e u er

essen er atrix . ro le a 2 e n t at t ere are u er trian ular

atrices , suc t at , , , . a in t e

su stitutions

�1

,

�1

, e n A , A

. ssu in t at t e se uences ave een nor alize suc t at ,

can e ritten as , for so e u er trian ular atrices

, , e n

; ;

ere is t e u er trian ular atrix � .

e no et

in ic t e secon an t ir ter are strictly u er an lo er trian ular

res ectively. ere e use for instance t at

�1

is u er trian ular
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furt er ore,

� �1

. erefore,

n

n

n

n

, it e uality only

in t e case t at 0, t at is, if , .

or t e sy etric case of A A , , t is says t at t e ort o onalizin

al orit ini izes t e len t of t e

n

vectors in eac iteration. or t e en-

eral anczos et o it ives t e ini ization of t e inner ro uct

i

i

, ut

t is i lies no ini ization for eit er t e

i

or t e

i

vectors. is ini iza-

tion ro erty le anczos [13, 14] to na e t is et o ini ize iterations .

not er na e is t e icon u ate ra ient et o [7].

Symmetric : Minimization in the A

�1

norm

In a ition to t eore 3 e can rove a furt er ini ization ro erty for t e

con u ate ra ient et o for s syste s.

Theorem rthogonalizing the residuals

i

for the conjugate gradientmethod

applied to symmetric positive de nite systems A minimizes their lengths in the

A

�1

-norm modulo some normalization condition

roof: ssu e t at A , A an

1 1

x

1

, t en t ere are

u er trian ular atrices , suc t at , . u ose t e

se uences ave een nor alize suc t at , a its a factorization

� , � it , u er trian ular in section 6.1 e s all

see t at t is can e ac ieve y scalin t e se uence, an t is is in fact t e

conventional con u ate ra ient et o e n t at � �A

�1

,

� �A

�1

, an usin � �

�1

�

1

it t e atrix

1

fro section 2

�

1

A ; �

1

A

ere �

�1

�

�1

, �

�1

�

�1

are u er trian ular

atrices.

a in t e i erence e n A it � , so usin

t e sy etry of A

A

�1

A

�1

A

�1

A A A

�1

A A

�1

A

A

�1

A ;

in ic t e secon an t ir ter are strictly u er an lo er trian ular

ecause of t e u er trian ularity of

�1

. us

i

A

�1

i

i

A

�1

i

it e uality only if 0, t at is if .
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It is easy to see t at ort o onalizin t e se uence un er t e A inner ro uct

ill si ilarly lea to ini ization in t e A

�1

nor . or t e case of 1 t is

even ol s for t e nonsy etric case, as ill e s o n in t e next section.

Minimization in nonsymmetric conjugate gradient methods

eit er of t e t o rece in sections state a ini ization ro erty for non-

sy etric con u ate ra ient et o s, t at is, for t e c oice it A

not a sy etric atrix. e can erive a ini ization ro erty for t is case if

is ort o onalize un er t e A-inner ro uct.

Theorem he sequence here is the rylov sequence satisfying

A is A-orthogonal if and only if the norms of the

n

vectors are

minimized see also 19 theorem 1

roof: s in t e roof of t eore 4 e erive t at any c oice in t e sa e

rylov s ace as is relate to y A , so e n t at

A A A A :

ro ia onality of A e n t at A A

�1

is u er trian ular,

so t e secon an t ir ter in t e a ove ri t an si e are strictly u er an

lo er trian ular res ectively. erefore

n

n

n

n

it e uality only if A A

is se i- e nite or if 0.

onversely, for any nonsin ular u er trian ular atrix t e function

A is ini ize for 0. i erentiatin an su stitutin 0

ives A

nn

0, t at is, is A-ort o onal.

Minimal residual methods: M S and M

o et o s ave een ro ose t at enerate a vector se uence satisfyin

a ini ization ro erty y rst eneratin t e se uence in t e usual ay,

an su se uently ta in co ination of t is se uence. is roce ure can e

a lie ot to t e anczos et o an t e con u ate ra ient et o .

et t en satisfy A , an construct a se uence y

�

1

�A ;

1 1

ere is an u er trian ular atrix.

Lemma he elements of the sequence are linear combinations of the same

rylov sequence that underlies

12



roof: et ere is is u er trian ular an is a rylov se uence

see le a 2 , t en �

1

�A �A � . ince

1

1 1

, e n

1

�

1

� :

In t is e uation, is t e i entity atrix exce t for a zero 1; 1 ele ent, an

1

� is an u er trian ular atrix it a zero 1; 1 ele ent. us

e can au ent t e rst colu n of t is atrix e uation to n it

1

� , ic is a nonsin ular u er trian ular atrix.

ro t e c oice

1 1

e n t at

1

� , an t e colu ns

n

of can e erive y solvin t e least s uares ro le

in

n n

�

n 1

1

2

:

If is constructe y t e con u ate ra ient et o t is et o is calle

eneralize ini al esi ual [20] , an since is ort o onal t is

ini izes t e

n

vectors ic ill turn out to e resi uals in t e 2-nor .

or a atrix constructe y t e anczos rocess t is et o is calle

uasi ini al esi ual [8] t e aut ors ro ose asin on a loc -

anczos rocess calle loo -a ea anczos , ut t at is not relevant for t e

current iscussion , an it oes not irectly ini ize t e resi ual, only t e

coe cient vector.

Lemma he GM S method is equivalent to the conjugate gradient method

under the A-inner product

roof: is follo s i e iately fro t eore 5 an le a 7, usin t e fact

t at t e et o ini izes t e nor s of t e resi ual vectors

n

.

e least s uares solution to

1

can for instance e foun y a in a

eco osition it ort onor al an u er trian ular. or

t e et o t is ill result in ein u er tri ia onal. e n t at

�1

, ere is for e fro as

11 11 11

12 12

.

.

.

.

.

.

1n

:

e resi uals are t en co ute as

�

1

�A ere

�1

:

or an u atin for ula for e n t e even si ler for ula

13



� �A ia

1i

:

e ele ents of can e easily u ate fro t e

n

vectors, in t e case of

it a t ree-ter recurrence. In u atin

n

re uires all revious

suc vectors to e store . ence, eo le ave consi ere truncate or restarte

versions of t e et o .

6 The iterative formulation of the conju ate ra ient

an anc os metho s

e atrix e uation A i lies in cases ere is tri ia onal a t ree-

ter recurrence

n 1 n 1n n nn n�1 n�1n

A

n

:

ra itionally t is as t e ay anczos [13] erive is i-ort o onalization

et o . e con u ate ra ient et o , o ever, as resente y its is-

coverers estenes an tiefel [11] as t o cou le t o-ter recurrences. uc a

for ulation as later iven y letc er [7] for t e anczos et o , o calle

it t e icon u ate ra ient et o .

In t is section e ill s o o t e t o for ulations are e uivalent, an o

t e vie as cou le t o-ter recurrences arises fro factorin t e essen er

atrix.

Search directions and the solution of linear systems

e eneratin recurrence A can e s lit into t o cou le recurrences.

actor as �

�1

� ere is a strictly lo er ia onal

atrix, an is strictly u er trian ular sin le u er ia onal for sy etric

con u ate ra ients or t e anczos et o . Intro ucin �

�1

e

et t e cou le recurrences

A � � :

e ele ents of t e se uence are usually calle searc irections .

If vectors

n

are re lace y scalar ulti les

n n

of t e selves, t is corres on s

to a transfor e recurrence for t e se uence ere ia

i

A

�1

of t e ori inal for . In articular, for �

�1

� e can e ne a

scalar recurrence

1

1

i 1 i 1i i

so t at

14



�1

� � :

s a result,

�1

�

�1 �1

�

�1

�

�1

�

�1

is a factorization of t e essen er atrix of t e transfor e recurrence for .

ote t at t e atrix is invariant un er scalin s of t e se uence.

a le 1 ives ort o onality ro erties for t e ra ients an searc irections

t us erive .

uation a e elation ali for

ia onal

i

0

A

u er essen er

i

A 0 1

sy : tri ia onal

i

A 0 � 1

A �

�

�

�1

lo er trian ular

i

A 0

sy : ia onal

i

A 0

�

�

i

i

i

i

lo er trian ular

i

0

A �

�1

lo er i ia onal

i

A 0 , 1

A � A

i

A

i

i

A

i

a le 1: rt o onality ro erties of t e con u ate ra ient al orit .

or t e transfor e recurrence, no si ly enote , e t us et cou le

for ulas as a ove:

A � ; � : 6

In t is e reco nize t e classical for ulation of t e con u ate ra ient et o :

if x

n

are iterates

1

, an

n

is a searc irection, t en scalars

nn

are c osen suc

t at

x

n 1

x

n

�

nn n

; 7

it for t e ra ients

n

Ax

n

� :

n 1 n

�

nn

A

n

;

ic is t e rst alf of t e cou le recurrence. In or er to ensure consistency,

e o ave to c oose ex licitly

1

Ax

1

� . ince t e resi uals

i

are ort o -

onal, for so e value e ill ave

n

0. or t at , x

n

is t e solution of t e

linear syste Ax . ote t at t is is t e t eoretical exact conver ence of t e

1. n section 3 we used to denote e ements o a ry o se uence rom now on wi

denote so e y the -th iterate.

15



con u ate ra ient et o , iscovere y [11] in ractice t e et o usually

conver es to a iven tolerance in far fe er iterations. is s ee of conver ence

e en s ostly on t e ei envalues of t e atrix see for instance [1] or [22].

The scalars in the algorithm

If t e essen er atrix is factore �

�1

� it strictly

u er trian ular, t en for t e con u ate ra ient et o t ere are only t o

sets of scalars t at e nee to no : t e uantities

ii

an

i� ;i

0 for

sy etric ro le s only 1 is nee e .

lgorithm Conjugate Gradient Method In order to solve Ax choose

x

1

arbitrarily Choose

1 1

Ax

1

� hen perform the follo ing steps for

1; . . .:

compute

ii

8

pdate the iterate

x

i 1

x

i

�

i ii

9

and the residual

i 1 i

� A

i ii

10

compute

i 1

for 1:: 11

pdate the search direction

i 1 i 1

i

=1

i 1

12

If A

i

is computed A

i

can be derived recursively from

A

i 1

A

i 1

i

=1

A

i 1

13

here e note that A

1

A

1

e scalars

ii

,

i� ;i

follo in various ays fro t e ort o onality con itions.

ro t e relation A � e et, usin t e fact t at

i

0 for :

i

A

i ii

i

i

�

i

i 1 ii

i

i

i

A

i

i

i

i

A

i

14

an also

i

A

i ii

i

i

�

i

i 1 ii

i

i

i

A

i

16



o arin ele ents in t e left an ri t an si e of A , e n

fro t e lo er ia onal

i 1

A

i

i 1

i 1 i 1;i

�

i 1

i 1

�1

ii

ii

�

i 1

i 1

i 1

A

i

ic is not a useful for ula ecause

ii

is nee e to co ute

i 1

an fro

t e u er trian le e n for 0

i�

A

i

�

i�

i�

�1

i� ;i�

i� i i� i

�

i�

A

i

i�

i�

i� ;i�

:

If A is sy etric e n fro

i�1

A

i

i

A

i�1

t at

i;i 1

i 1

i 1

i

i

: 15

or nonsy etric ro le s t e ele ents of can e co ute y recursion

in eac colu n. servin t at A is lo er trian ular e n fro A

� A t at for

�

i

=1

i

A

i

A : 16

Iterative formulation of the Lanczos method: i

ost aut ors resent t e anczos et o as a t ree-ter recurrence see also

section 9.2 , an reserve t e na e icon u ate ra ients for t e at e atically

e uivalent for involvin t o cou le t o-ter recurrences.

In or er to let t e resentation e as far as ossi le analo ous to t at of t e

con u ate ra ient et o , e ill ta e t e latter a roac . at is, e arrive at

an iterative for ulation for t e anczos et o y intro ucin searc irections

corres on in to t e left rylov vectors. o t is ur ose e s lit t e relation

A into

A � ; � :

lgorithm Lanczos Method In order to solve Ax choose x

1

arbi-

trarily Choose

1 1

Ax

1

� and

1 1

arbitrarily hen perform the

follo ing steps for 1; . . .:

compute

ii

17

pdate the iterate

x

i 1

x

i

�

i ii

18

and the left and right residuals

17



i 1 i

� A

i ii

;

i 1 i

� A

i ii

19

compute

ii 1

20

pdate left and right search directions

i 1 i 1 i ii 1

;

i 1 i 1 i ii 1

21

e resultin ort o onality relations for t e t o se uences of iterates an searc

irections are in ta le 2.

uation a e elation ali for

ia onal

i

0

A

tri ia onal

i

A 0 � 1

A �

�

�

�1

�1

� �

�1

ia onal

i

A 0

�

�

i

i

i

i

lo er trian ular

i

0

�

�1

i

i

i

i

u er trian ular

i

0

A �

�1

lo er i ia onal

i

A 0 , 1

A

�1

�

u er i ia onal

i

A 0 , 1

A � A

i

A

i

i

A

i

A A �

i

A

i

i

A

i

a le 2: rt o onality ro erties of t e anczos et o .

e scalar se uences

ii

an

ii 1

no can e erive as follo s. a in t e

inner ro uct of it A � e n t at

ii

i

i

i

A

i

22

fro A �

�1

� e n t at

i 1

A

i

�

i 1

i 1

�1

ii

;

i

A

i 1

�

i

i

�1

ii

ii 1

ic , it t e sy etry of A see t eore 2 ives

ii 1

i 1

i 1

i

i

: 23

18



7 recon itionin

e i ea of recon itionin is usually si ly resente as re lacin an iteration

on t e syste A y one on A . o ever, for con u ate ra ient

et o s it is relevant et er t e iteration atrix is sy etric or not. ence

e o not ant to iterate irectly it A, ic usually is an unsy etric

syste , even if A an are sy etric.

In t is section e ill erive o t e for ulas for t e con u ate ra ient an

anczos et o s ave to e altere to incor orate a recon itioner. e actual

construction of t e recon itioner ill e left un iscusse , t is ein a ole

el of science in itself.

reconditioned conjugate gradients

If is sy etric an ositive e nite, e can s lit it t eoretically, not co -

utationally as , an e for ulate t e con u ate ra ients et o

as iteratin on t e syste

A

�1

x ;

t at is,

n

vectors are enerate fro t e e uation

A

ere is a ain factore as �

�1

� .

e rst of t e cou le recurrences in section 6.1 is no re lace y A

� , an e et for t e full et o

A

�

� ;

� � �1

� :

Intro ucin transfor e se uences

�

an , e et t e cou le

recurrences

A � ; � : 24

o utationally, t e al orit is exten e y a sin le ste of for in t e

ro uct , an t e s littin of is never ex licitly re uire .

In or er to co ute t e scalar uantities of t e al orit e note t at

. ere t e con u ate ra ient al orit uses

i

A

i

, e no et, ecause

of t e transfor e syste ,

i

A

i

, ic is e ual to

i

A

i

. or t e et o s

in section 9.3 e furt er note t at A eco es in t e transfor e syste

A A .

If e let x e t e solution of A x , t en in t e en e are intereste

in o tainin x x. otin t at t e u atin for ula � follo s

fro e uation 24 , e n t at

� � ; 25
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t at is, usin t e transfor e searc irections e can actually u ate a rox-

i ations to t e solution of t e ori inal syste .

u arizin , e et t e follo in al orit ere e no si ly rite

i

for

t e

i

of t e a ove t eory .

lgorithm reconditioned Conjugate Gradient method Choose x

1

arbi-

trarily and let

1

Ax

1

� and

1 1 1

hen perform the follo ing

steps for 1; . . .:

compute

ii

i

i

i

A

i

26

pdate the iterate

x

i 1

x

i

�

i ii

27

and the residual

i 1 i

� A

i ii

: 28

pply the preconditioner

i 1 i 1

; 29

compute

ii 1

i 1

i 1

i

i

30

pdate the search direction

i 1 i 1 i ii 1

: 31

reconditioning as a change of matri and inner product

e starte for ulatin t e recon itione iteration as arisin fro a rylov

se uence it t e atrix A . o ever, t e resultin se uence satisfyin

A is never for e . Instea e co ute a se uence

�

.

is se uence can e inter rete as arise fro a rylov se uence of anot er

syste , ort o onalize un er anot er inner ro uct.

Lemma he sequence consists of linear combinations of a rylov sequence

of the matrix A and it is orthogonal under the -inner product

roof: e se uence satis es A , t at is, it arises fro a rylov

se uence of t e atrixA see le a 2 . or a eneral sy etric c oice for

t is atrix ill e nonsy etric, ut notin t at t e scalars in t e iterative

et o are eter ine fro t e e uation

A

e n y co arin to e uation 5 t at e ave ort o onalize un er t e

inner ro uct, ic sy etrizes t e atrix A a ain.

20



lt ou t e iscussion so far use a sy etric recon itioner , it

is easy to see t at ta in an iteratin on a syste it coe cient

atrix A ill also lea to a for ula � , t at is, involvin

only t e unfactore recon itioner.

reconditioned Lanczos

recon itionin t e anczos iteration is lar ely analo ous to recon itionin

t e con u ate ra ient et o as escri e a ove. e only ex osition of a

recon itione anczos et o in t e literature t at e are a are of is in [4]

a art fro an i le entational etail it is i entical to t e et o erive

ere.

ince t e anczos et o can an le nonsy etric atrices, assu e t at t e

recon itioner is nonsy etric too, an t at e iterate on a syste it atrix

A . ro

A � ; A �

e n

A � ; A �

ere

�

;

�

; ; :

or t e scalar uantities e n rst of all t at

ere is t e recon itioner. urt er ore, t e uantity

i

A

i

in t e

con u ate ra ient et o no eco es

i

A

i

, ic is e ual to

i

A

i

.

e u ate relations � an � for t e searc irections

eco e

� ; �

for t e transfor e se uences. e see t at a lications of ot t e recon i-

tioner an its trans ose are necessary.

olynomial s uarin metho s: C S

It as een o serve [21] t at t e anczos et o co utes ot

n n

A

1

an

n n

A

1

, ere

n

is an � 1-st e ree olyno ial, an

n

,

n

are

t e ri t an left resi uals. ince resu a ly ot resi uals ten to zero, an

n

n n

A

1 n

A

1

1

2

n

A

1
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it ay see li e a oo i ea to co ute to co ute t e se uence

2

n

A

1

since,

i eally, t is se uence oul ave ou le t e conver ence s ee of t e ori inal

se uence. ere is y co utin t is se uence is ossi le.

et e a rylov se uence of A, t at is, A , an let consist of linear

co ination of t e se uence: . ro t e fore oin iscussion e no

t at e ave A it

�1

. u ose t at is tri ia onal, for

instance ecause is enerate it t e anczos iteration. or t e -t resi ual

e ave

n n

A x

1

ere t e olyno ials

n

are relate y

n 1 n 1n n nn n�1 n�1n n

32

see le a 3.

e no e ne in eac -t ste a ne rylov vector se uence

n

y

n

n

A A

n n

:

sin a ain t e u er trian ular atrix to ta e linear co inations, t is

ti e fro

n

, e e ne

n

y

n n

A

n n

: 33

ote t at t e atrix is t e sa e as a ove, an in articular in e en ent

of .

e usti cation for t ese ne se uences is t at

n

1

n

;

n

n

n

A

n

1

2

n

A

1

aturally, e o not is to uil t e ole se uence

n

in t e -t ste . It

turns out t at of eac

n

e nee only four ele ents. ro 32 e n t at

n 1

n 1n

n

nn

n�1

n�1n

A

n

an co inin t is it 33 e n t e follo in co utation:

n 1

n�1

n 1n

A

n

n�1

�

n

n�1

nn

n�1

n�1

n�1n

n 1

n

n 1n

A

n

n

�

n

n

nn

n�1

n

n�1n

n 1

n 1

n 1n

A

n 1

n

�

n 1

n

nn

n 1

n�1

n�1n

n 1

n 2

n 2n 1

A

n 1

n 1

�

n 1

n 1

n 1n 1

n 1

n

nn 1

f eac e uation, t e left an si e is t e co ute result. itionally, in

t e last t o ste s e erfor a atrix-vector ro uct t e results of t ese can

e reuse in t e rst t o ste s of t e next iteration. e see t at t is et o

re uires t o atrix-vector ro ucts, ut neit er is it t e trans ose of t e

atrix.

or t e co utation of t e coe cients of e ave to o ac to t e anczos

et o . In section 6.3 e sa t at e nee t e ex ressions no enotin t e

left se uence of resi uals y

n

22



n

A

n

22 ;

n

n

22 an 23 :

ro t e a ove it is easy to see t at

n

n

1

2

n

A

1

1

n

n

;

n

A

n

1

A

2

n

A

1

1

A

n

n

:

us t e left se uence can e eli inate co letely, an only its rst ele ent

is ever nee e . sin t e a ove t o ex ression, t e ele ents of can e co -

ute , for instance as in e uation 34 .

ere is in fact an unuse e ree of free o in t e a ove et o : e can c oose

a i erent u er trian ular atrix to for t e linear co inations

n

, so

t at

n n

A

n n

ere

�1

. e ill not furt er ursue t is a roac ere.

9 ther aspects of the iterative solution process

Iterative solution as solving reduced systems

In e uation 7 e sa t at t e ort o onalization rocess of a rylov se uence

can e use to co ute iteratively a roxi ations of t e solution of a linear sys-

te . ritin t is vector recurrence a ain in loc for � , e n

t at t e iterates can e co ute iteratively or fro an initial a roxi ation

as

� �

�1

or

1

�

ere �

�1

�

�1

is an u er trian ular atrix. us, every

iterate i ers fro t e revious an fro t e initial one y a s an of resi uals.

or t e colu ns

n

of e n after so e ele entary t ro in aroun of

for ulas t at

A

1

�

so

n

A

n n 1

2

n

1

ere

n

1

is t e rst len t unit vector. e see t at eac of t e colu ns of

follo s fro t e solution of a re uce syste t at is erive fro t e revious

y t e a ition of a ro an colu n.

Three term recurrence for iterates

o e aut ors [5, 10], ave consi ere a t ree-ter recurrence for t e iteran s

in t e con u ate ra ient al orit , corres on in to t e t ree-ter recurrence

23



for t e resi uals. uc a t ree-ter recurrence is t e usual o e of resentation

for t e anczos et o an t e e ys ev se i-iterative et o [10].

ro t e s littin �

�1

� of t e essen er atrix inA

e et

�

n 1

�1

nn

n

�1

nn

�1

n�1n�1

n�1n

�

n�1

�1

n�1n�1

n�1n

A

n

: 34

e note an ele entary fact a out .

Lemma he column sums of are zero

roof: ince � 0 ere 1; . . . t e colu n su s of are zero.

ince t e su of t e ei ts of t e resi uals in e uation 34 is zero, e can

extract t e atrix A fro t is e uation an erive for t e iterates

x

n 1

1

n�1n nn n�1n�1

x

n

�

n

�

n�1n nn n�1n�1

x

n�1

:

onversely, a i erent c oice of , or e uivalently a i erent scalin of t e

n

se uence, ill not ave an analo ous relation for u atin iterates. us,

le a 10 is seen to e a consistency con ition for solvin linear syste s it .

e ill return to t is atter in section 9.5.

t ree-ter recurrence can also irectly e erive fro t e ele ents of t e

essen er atrix:

i 1 i 1i i ii i�1 i�1i

A

i

35

ere fro ort o onalization ro erties e et t e ex ressions

ii

i

A

i

i

i

;

ii 1

i

A

i 1

i

i

;

i 1i

i 1

A

i

i 1

i 1

: 36

ote t at t e

i 1i

are ar itrary nor alization factors.

If A is sy etric, t e scalar

ii 1

can e erive as

ii 1

i 1

i 1

i

i

i 1i

; 37

ic can e s o n [16, 17] to e a ore sta le variant of t e et o .

e t ree-ter for 35 is often ritten as t o cou le t o-ter recurrences

i 1 i 1i i ii i

ere

i

A

i

�

i�1 i�1i

:

lt ou t is s littin is of less at e atical si ni cance t an t e intro uction

of searc irections in 6 , it oes allo for a sli t variant of t e co utation

y notin t at

i

A

i

i

i

, ic is use in t e co utation of

ii

. is variant

is as sta le as t e ori inal et o [16].
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quivalent formulas for the scalar quantities

In a arallel i le entation, t e con u ate ra ient al orit as for ulate

a ove as t o sync ronization oints er iteration, locate at t e inner ro uct

calculations. ese sync ronization oints cannot e coalesce i e iately: t e

scalar

ii

nee e to co ute

i 1

nee s an inner ro uct it

i

, an t e scalar

ii 1

necessary to co ute

i 1

re uires an inner ro uct it

i 1

. us t e

t o inner ro ucts are inter e en ent. o ever, for t e con u ate ra ient

et o for s syste s t e scalars can e co ute in ays t at eli inate one

sync ronization oint, er a s at t e ex ense of so e extra co utation.

t t e o ent, t o co le entary a roac es are no n. ne can eit er

eli inate t e inner ro uct

i

i

an ex ress it in ter s of inner ro ucts it

t e searc irections, or one can try to eli inate t e inner ro uct

i

A

i

an

ex ress it in ter s of inner ro ucts involvin ra ients.

e for er a roac as iscovere y aa [18]. ro t e ort o onality of ,

t e e uation A � lea s to

i 1

i 1

i

i

2

ii

A

i

A

i

; 38

so t e nor s of

i

can e co ute recursively it out t e nee for an inner

ro uct. o ever, a si le analysis s o s t at t is et o is unsta le, so extra

easures are necessary. ence, eurant [15] ro ose co utin

i

i

ex licitly,

to et er it A

i

A

i

. us, t e

i 1

i 1

value serves only as a re ictor it

is later co ute exactly. e resultin et o ta es t ree inner ro ucts er

iteration, an is as sta le as t e classical for ulation of t e con u ate ra ient

et o .

ecently, t o et o s ase on eli ination of co utin

i

A

i

ic is

nee e for

ii

i

i

i

A

i

ave een iscovere . irst of all, co ine A

� A an A A � to

� A A A

an consi er t e ia onal of t e left an ri t an si e. ro

i

A

i

i

A

i

i

A

i�1 i�1i

39

e see t at

i

A

i

can e co ute fro

i

A

i

an

i

A

i�1

i�1

A

i

. ence,

one extra inner ro uct is nee e , an A

i

is co ute instea of A

i

. is

latter vector can e co ute recursively as in e uation 13 .

x an in A one ste furt er into � A � ives

A A A A � A :

sin t e A-ort o onality of an t e fact t at t e secon an t ir ter in

t e r s are strictly u er an lo er trian ular res ectively, e n t at

i

A

i

i

A

i

�

2

i�1i i�1

A

i�1

: 40
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or t e resultin variant of t e con u ate ra ient et o [3] A

i

is a ain

co ute recursively fro A

i

, t e inner ro ucts

i

i

an

i

A

i

are co ute

si ultaneously, an t e scalar

i

A

i

nee e for

ii

i

i

i

A

i

is co ute

fro t e a ove recurrence.

ere is a fairly stron ar u ent for t e sta ility of t is last rearran e ent:

usin e uations 36 , 37 an 14 t e recurrence for

n

A

n

can e erive

fro t e recurrence

�1

nn

n 1n 1

�

n 1n nn nn 1

for ivot eneration in t e factorization of t e essen er atrix. or sy etric

ositive e nite syste s t is is a sta le recurrence.

not er variant of t is sc e e results fro consi erin t e ia onal of

� A A A �

�1

:

ince A is tri ia onal t e in nite ex ansion of �

�1

ter inates uic ly,

an e n t at

i

A

i

i

A

i

i

A

i�1 i�1i

:

o ever, in t e resence of roun in errors t is et o , ein ase on an in -

nite nu er of ort o onalities, eco es unsta le in contrast to t e t o revious

et o s ic only use a sin le ort o onality relation.

et o s for re ovin a sync ronization oint eneralize to t e anczos et o .

e n t at

i 1

A

i 1

i 1

A

i 1

�

i

A

i ii 1

fro � A A A

i 1

A

i 1

i 1

A

i 1

�

2

ii 1 i

A

i

usin A-ort o onality of an in

A A A A � A ;

an e et

i 1

i 1

�

i

i

2

ii

A

i

A

i

fro t e e uations A � an A � usin ort o onality

of an .

not er a roac for a re uce sync ronization over ea as ro ose y [23]

an [2], ase on co utin a nu er of rylov vectors an ort o onalizin

t ese as a loc . o ever, t is a roac see s ina visa le fro a oint of

sta ility.
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Stationary iteration and the steepest descent method

e atrix fra e or t at as use t rou out t is a er can also e a lie

to tra itional stationary iterative et o s an t e stee est escent et o see

for instance [24] an [10] .

tationary iterative et o s in t eir ost asic for u ate an iterate as

x

n 1

x

n

�

n

41

ere

n

Ax

n

� an a roxi ates A

�1

. e si lest et o , ic ar -

son iteration, results fro c oosin a ia onal atrix it

ii

for

so e scalar . e u atin for ula can e ritten in atrix for as

�

fro ic e n � A , an t us

A �

�1

: 42

o arin t is to t e con u ate ra ient et o , e see t at 42 can e

erive fro 6 y ta in or e uivalently 0 an lettin e

constant.

e see t at t is et o enerates a essen er atrix �

�1

of lo er

i ia onal for . ro le a 2 an t eore 1 e n t at

n 1 n

A

1

ere

n

is an -t e ree olyno ial. is fact coul of course also ave een

erive in a ore classical ay.

ore eneral iterative et o results fro c oosin an a roxi ation

to A

�1

, an iteratin

x

n 1

x

n

�

nn n

43

ere

nn

ives a eneral stationary iterative et o , an t e stee est

escent et o results fro c oosin

nn

suc t at it ini izes

n 1

. ritin

t is u ate e uation as � , e n t at t e resi uals are

enerate y

A ere �

�1

:

e note t e close rese lance et een t is for ula an t e eneratin for ula

for t e recon itione con u ate ra ient et o in le a 9.

In t e case ere

nn

e can i e ot an in a transfor e syste ,

turnin e uation 41 into

x

n 1

x

n

�

n

: 44

Lemma he residuals corresponding to the iterative method 44 are ry-

lov vectors of the matrix �A the iterative method converges if �A 1
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roof: e resi uals satisfy � A , ic can e re ritten as �

A , s o in t at t ey are a rylov se uence of t e atrix �A. ince

n 1

�A

n

t e iterative et o ill conver e if t e s ectral ra ius

is less t an 1.

olynomial acceleration

et o s suc as con u ate ra ients are so eti es consi ere to e an accel-

eration of a asic iterative et o . u ose iterates x

n

ave een enerate

y 44 , t en t e i ea e in acceleration is to ta e co inations

x

n

n

i=1

x

i in

45

it t e consistency con ition

n

i=1

in

1: 46

ar a [24] calls 45 t e se i-iterative et o corres on in to t e asic iter-

ative et o . e resi uals

n

Ax

n

� are seen to satisfy ere

is an u er trian ular atrix containin t e

in

coe cients ecause of t e

a ove consistency con ition.

ritin t e asic iterative et o as A � e n for t e accelerate

resi uals A ere is t e u er essen er atrix �

�1

.

Lemma he consistency condition 46 implies the consistency condition

of lemma 10 for �

�1

roof: e can ex ress e uation 46 as . ince t is i lies

�1

,

an since , e n t at 0.

ese acceleration et o s are also calle olyno ial acceleration et o s

ecause of t e follo in fact.

Lemma he accelerated residuals are related to the original residuals as

n n

� A

n

here

n

is an �1-st degree polynomial ith its coe cients in the -th column

of here contains the

in

coe cients of equation 45

roof: e a 11 esta lis e t at t e resi uals of t e asic et o are rylov

vectors in a se uence it atrix �A. It t en follo s fro t eore 1 t at t e
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co inations are o taine y ulti lyin y a atrix olyno ial as state

a ove.

10 Conclusion

e ave resente t e con u ate ra ient-li e et o s in a atrix fra e or .

clear se aration et een t e essen er atrix associate it rylov se-

uences, ort o onalization un er i erent inner ro ucts, recon itionin , an

ini ization ro erties as a e. acts nor ally ta en for rante , suc as

t e t ree-ter for of recurrences, or t e fact t at t ese et o s can e use

for iterative solution of linear syste s, ere erive , not ta en as a re ise.

itionally, e ave s o n o c et o s can e consi ere as olyno ial

accelerations of asic stationary iterative et o .

sin t e atrix fra e or for tal in a out vector se uences, e ave iven

s ort erivations of t e con u ate ra ients et o , ot for sy etric an

unsy etric syste s, t e anczos al orit an t e e uivalent icon u ate

ra ient et o , t e least s uares et o s an an t e con u-

ate ra ients s uare et o .

eferences

[1] e xelsson an un il in s o . n t e rate of conver ence of t e

recon itione con u ate ra ient et o . umer Math , 48:499{523,

1986.

[2] . rono oulos an . . ear. -ste iterative et o s for sy et-

ric linear syste s. ournal of Computational and pplied Mathematics,

25:153{168, 1989.

[3] zeve o, ictor i out, an uc o ine. e ucin co unca-

tion costs in t e con u ate ra ient al orit on istri ute e ory ul-

ti rocessors. ec nical re ort, a i e ational a an niversity of

ennessee, 1992. in re aration.

[4] ac . on arra, Iain . u , anny . orensen, an en . van er

orst. Solving Linear Systems on ector and Shared Memory Computers.

I , 1991.

[5] . n eli, . ins ur , . utis auser, an . tiefel. e ne iterative

et o s for t e co utation of t e solution an t e ei envalues of self-

a oint oun ary value ro le s. ec nical e ort 8, itt. Inst. n e .

at . uric , 1959.

[6] . a er an . anteu el. ecessary an su cient con itions for t e

existence of a con u ate ra ient et o . SI M umer nal , 21:352{

362, 1984.

29



[7] . letc er. on u ate ra ient et o s for in e nite syste s. In . .

atson, e itor, umerical nalysis Dundee 1975, a es 73{89, e or ,

1976. rin er erla .

[8] olan . reun an oel . ac ti al. : a uasi- ini al resi ual

et o for non- er itian linear syste s. to a ear.

[9] ene . olu an ianne . eary. o e istory of t e con u ate

ra ient an anczos et o s. SI M evie , 31:50{102, 1989.

[10] ouis . a e an an avi . oun . pplied Iterative Methods. ca-

e ic ress, e or , 1981.

[11] . . estenes an . tiefel. et o s of con u ate ra ients for solvin

linear syste s. at Bur Stand es , 49:409{436, 1952.

[12] lston . ouse ol er. he theory of matrices in numerical analysis. lais-

ell u lis in o any, 1964. re u lis e y over u lications, e

or , 1975.

[13] . anczos. n iteration et o for t e solution of t e ei envalue ro le

of linear i erential an inte ral o erators. ournal of esearch at Bu

Stand , 45:255{282, 1950.

[14] . anczos. olution of syste s of linear e uations y ini ize iterations.

ournal of esearch at Bu Stand , 49:33{53, 1952.

[15] erar eurant. ultitas in t e con u ate ra ient et o on t e

- 48. arallel Computing, 5:267{280, 1987.

[16] . . ai e. o utational variants of t e anczos et o for t e ei en-

ro le . Inst Maths pplics , 10:373{381, 1972.

[17] . . ai e. rror analysis of t e anczos al orit for tri ia onalizin a

sy etric atrix. Inst Maths pplics , 18:341{349, 1976.

[18] ousef aa . ractical use of so e rylov su s ace et o s for solvin

in e nite an nonsy etric linear syste s. SI M Sci Stat Comput ,

5:203{228, 1984.

[19] ousef aa an artin . c ultz. on u ate ra ient-li e al orit s for

solvin nonsy etric linear syste s. Math Comp , 44:417{424, 1985.

[20] ousef aa an artin . c ultz. es: a eneralize ini al resi ual

al orit for solvin nonsy etric linear syste s. SI M Sci Stat

Comput , 7:856{869, 1986.

[21] eter onnevel . , a fast anczos-ty e solver for nonsy etric linear

syste s. SI M Sci Stat Comput , 10:36{52, 1989.

[22] . van er luis an . . van er orst. e rate of conver ence of con-

u ate ra ients. umer Math , 48:543{560, 1986.

[23] . an osen ale. ini izin inner ro uct ata e en encies in con u-

ate ra ient iteration. ec nical e ort 172178, I , an ley

esearc enter, a ton, ir inia, 1983.

[24] ic ar . ar a. Matrix Iterative nalysis. rentice- all Inc., 1962.

[25] . . oevo in. e ro le of non-self-a oint eneralization of t e con-

u ate ra ient et o is close . SS Comput Maths Math hys ,

23:143{144, 1983.

30


