39 [Ha] Theory1969.,[Ki] esleyWProblems,"utation1989.,[Ku] yrsitologie," opMath.und.271{283.(1930),[RS1] 15Forest," FComb.J.B Ser.39{61.(1983),[RS2] 35Graph," PlanarBSer.92{114.(1986),[RS3] 41ear.app[RS4] toear.app[Se] toConjecture,"38 appliedefurther.)okfactthesuggest[Ki]future.foreseeablesReference[BFKL] theinFinding\Onout," yc.oComputing and8.397{39[BFL] (1987),ol,:yResults," PracticalMathematics Computer31 ofJ.1{9.(1989),[BM] Int’landApplicationsNorth-Holland,,1976.ork,[DKL] YNewSolu-ateProblem," outDesignd79{84.(1987),[EST] 6idehSearcear.app[FL1] toGraph,"eolynomial-Tim" ,etters L.157{162[FL2] (1987),,"yCM A727{739.(1988),[FL3] 35binatorialComDesign," VLSIMathematics ete117{(1992),126. 5Discr[FL4] onProblems," utationInterna- ermPDesign VLSI.325{342[FL5] (1991),Algo-erithms," al-Tim olynomiComputing of37 8.I emmafaces.moref ownknosomefaces7.GLemmasexceedslengththree. whose hain2 caResultMainissetws.SetacesObstructionsnone 10 one 23 o39 three 29 four 9 more0 9.A emin�edendix.appConclusions10.�xed-itsolynomial-paluevtoresultsalue.vitif36 if edgej singlei a at� t tersecj in j xerteillustrates8.3hains.� � � � � � � � � � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . � � � � � � � � � � � � � � � � � � � � � � Chainsaced8.G emmathree.exceedsf oobstruction someG for otherwisehain cF withAssume1 .o, Pr lengthF whosehain2 ca.., . ,F tainsconh 3-GMLforwhere obstruction Noh L our-F� F Sample4 8.3Figureand F i \ F i +1 = v i w i 1 for� h. <ithat yw generalitof1 losswithout= assume ew w8.D,2 aLemmoidv8.3.1, obstructionG a oeither tainv conust1 mTv .to2 Thanksx ertex v degree-threeto tv adjacena1 or, v 2 x ertey v t. endanpLet and G 0 = G fv n2 w 2 g let andF ,0 2 alvof remo thev fromresults2 thatfacew (enlarged)the2 denotefrom F 2 . G 0 spansthefor of apF erlv1 otheand h whicF inutation0 ermp2 cost-threeais ossesses pv 1 w 1 of columnF leftmostthe0 ,2 at tv nhme1 attacytoliefor spanF theof1 leftthefor spanF thesince4 ,ustof tv righthe1 toew bust1 mmsinceandensures yv outerplanarit,1 anSince62 . F 4 column ,v 1 v 2 column (orv 1 x 1ostw rov intm1 righthecolumn cost,v inincrease1 nowithv us,Th2 .taina columnsv ofset1 the(orx con, ust mxy ) , xv 2 ) of tv righdiate1 eimmw theto1 deconstructtofor utationG ermtradiction. con2 a,8.H emmafaces.fourwnknomore.no35 7.IObstructionObstruction(s)11.3.1 9.4.2 13.3.1 9.4.1 13.3.5 9.4.1 13.3.6 9.4.1 14.3.1 12.3.1 14.3.2 9.4.1 14.3.3 12.3.1 14.3.4 12.3.1 14.3.5 12.3.1 14.3.6 12.3.1 15.3.1 12.4.1 � 15.3.2 12.3.1 15.3.3 12.4.1 � 13.3.115.3.4 12.4.1 � 13.3.116.3.1 12.4.1 � 13.3.116.3.2 14.4.1 � 14.4.3,� 16.3.3 14.4.2 � 14.4.4,� 18.3.1 15.3.2 19.3.1 15.4.1 � 16.3.1� obstructionnewoneleastwnknooid vK ato4 ore,urthermtotalreadyarewn.knoA obstructions four-facedchain all thatfaces ofF sequencea1 isgraph, outerplane anF inensures2 resultnext.., . ,F Ourface.h otheronethat hF sucexactlyi adjacenedgeand e bF ustmj 34 ose SuppF 2 0), 00F (343-0108.3.12 obstructionoidaeset ertexf vv withsquare1 bustv;2 mvv;3 aov;r Ttriangle.g aand ,v notis2 x erteu vt2 endanpLet.G tot0 adjacene= b ustG m fu n2 v 2 g . G 0 utation ermM pcost-three0 aossessesh whicv inp1 v 2 and v 2 v 3 enev wet1 bliev r of columnF tmostrigh1 the,and ,v 3 v r of columnF leftmostthe3 ,ardtforwthat erifyv vto1 straighisv It.2 w rov in11 tmostrighthat ,v thetains2 conv 3 trighof ate ediv immthe1 toisv 2 that andu ,2 v 2 in insertedM eb0 canfor utationG erma,tradiction.conus ThF pcost-three2 aduceassume ,F ygeneralit3 oflossfourleastIf three.v leastat2 degreewithobstructionoid(35-01e 11.2.1that thatF wsfollo3 it100)set ertexf vv withsquare2 aev;3 bustv;4 mvv;5 atog then, t,nat tv nhme4 attactheedge tu endanp4 theisv hmeattac4 anhasat tv hmenattac3 theandleastatLet path.G tendan00 pone= tains conG , hfu neac4 eserticv vat4 hasWithoutg triangle.let andM ,a00 ebfor utationG ermp00 cost-threeafor spanF theh3 whicincolumn ofv trigh1 thetov isdenote2 ustmv proto5 Since .v 4 v 5 osttmfor spanv thein5 columnrighfor utationG erm, pcost-threeus Thv tradiction.con2 aaLet t.G hmenattac000 noefromobtainedG graph theedge tractingv cony2 bdenotev vha3 canconstructo to ardv tforwstraigh2 isitlet andF ,,000 thee3 bustfromresultsin tractionF conthis3 thatfacefor utationG ermp000 cost-threeafor spanF theh000 whicin3 Using.toiscolumn ofv trigh1 theen)v (shrunkthe2 denotemv r onutatifor erm pG cost-threetradiction. con2 a,8.F emmafaces.threeofer104.toacesFconnectedonlyofof33 oth bv hwhic2 ingraphand y anv 3 oth bv (or1 and v 5 aspaths13.3.7obstruction333-11e pattern-string1 ye bob-are333-21e attern-string16.3.2,obstruction333-attern-stringwithobtainedwnknoob-wncost-threewhoselist.wing23333-003A follo( thev inresides3 utationerm), p graphB aof1 minorsare( ossibilitiesv pother4 All20).), (34-211 17.2.2v structionkno2 tainsconv 1333-12023 pattern-stringwithv graphThe4 (33-0232).18.2.2, obstruction tainv con321 333-020andv 32333-0022 pattern-stringswithv Graphst.4 replacemen1, e ypv ta1 is18.3.1v obstructionnew4 hwhicv from19.3.1,5 obstructionnew, denotes 22030B Pt.2 replacemen2( ev ypt4 awith), obtained isA 16.3.3( obstructionv newh5 whicfrom) newdenotes13333-013A 20( Pv ts.replacemen3 2e), yp tC withtained1 13.3.9and( 13.3.8v obstructionsnew2 hwhic), from ,v denotednew2 tainsconv ceserti3 vev �vall4 atts, en hmv attacwith1 graphyv Ants.2 nhmev attact4 endanp, more orv ow1 tev vha4 )v 5 , C 2 ( v 4 ), A ( v 5 ) 31333-013A ( v 3 ), C 1 ( v 2 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 4 ) 23333-030A ( v 2 ), B 1 ( v 4 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , B 2 ( v 4 ), A ( v 5 ) 13333-031A ( v 2 ), C 1 ( v 3 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 4 ), A ( v 5 ) 31333-031A ( v 2 ), C 1 ( v 3 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 4 ) 33333-110A ( v 4 ), C 1 ( v 2 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 5 ) 03333-113A ( v 3 ), C 1 ( v 2 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 5 ) 13333-130A ( v 2 ), C 1 ( v 4 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 5 ) 03333-131A ( v 2 ), C 1 ( v 3 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 5 ) 31333-310A ( v 4 ), C 1 ( v 2 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 1 ) 11333-330A ( v 2 ), C 1 ( v 4 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 1 ) 20333-330A ( v 2 ), B 1 ( v 4 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , B 2 ( v 4 ), A ( v 1 ) 01333-331A ( v 2 ), C 1 ( v 3 ), v 2 v 3 v 4 , v 1 v 2 v 4 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 1 ) atterns. Potherwithts).n8.E emmain3-GMLcesertithree.leastf oobstruction someG for otherwisefaces withF Assume.1 oPr, at degreeF withh2 eacvand ,F moreor3 fourhasothbF thath1 sucfaceand one andF otherone3 leastato tF adjacenedge2 aretoassume yF mae1 w8.D,\ a mF lemto2 Thanks.= t adjacenv edgeis1 facehv eachr whicfor, obstructionouterplaneand three-faced onlyF theis2 8.3.1Obstruction\ L replacemeF 2e3 ypt= y bv or6.Bi Lemmayv b(either wnkno. 32 K 4 . 8.D emmafaces tainsF con3-GML1 forobstruction, outerplane NoF L2 and ,F 3 where,F 1 \ F 3 = ; oth bF thath1 suc,and F 3 to tF adjacenedge2 are. f oobstruction someG for otherwisefaces withF Assume.1 oPr, F 2 and ,F 3 h whicF for1 \ F 2 = v 1 v r and F 2 \ F 3 = v i v j 1 wherer <. j<ose SuppF i<2 ,set ertexf vv withsquare1 aisv;2 v;r � 1 v;r g Let .G 0 = G fv n1 v r g letandF ,0 2 of alv vremo1 thefromv resultsthatr face(enlarged)from the denoteF 2 . G 0 aossessesutation ermM pcost-three0 pfor spansF theof0 rlape2 voand the hF whicin3 column isv 2 v r � 1 , of columnF leftmostthe3 oth bv If.1 and v r includeustof columnF leftmostthe0 mspans2 theirthenand ,v ts,en1 hmattacv ev2 hafor spanF theof0 leftdiate2 eimmfor utationG ermus Thv tradiction.con1 a,or p cost-threev aobtainr totheanalogously(andv toplaced2 ebor can v r � 1 neither Ifv t.hmen2 attacnonor has )v r then t,v hmenattac1 anhasv 2 ebof leftv diatee2 immthev toedr v mo� can1 and v r � 1 v r ofleftv ateedi1 immthev toed2 vmofor utationG ermus Thv tradiction.con2 a,or p cost-threev aconstructr toeasyanalogously (andv itmaking1 ,eor b canv r � 1 assume,oth bv ygeneralit1 oflossand without So,v t.hmen2 attacanLet ts.G nhme00 attacefrom obtainedG graph thetractingconedge y bv denotevr ha has� )1 v r to v r let andF ,00 set ertexf vv withtriangle1 thedenotev;2 v;r g . G 00 aossessesutation ermM pcost-three00 ph whicv in1 v 2 en ev wet1 bliesv r of columnF tmostrigh1 the,and,v 2 v r of columnF leftmostthe3 ,. M 00 w rov addingyr b di�ed� mo1 ebreplacing ,v wno2 canv r y bv r � 1 v r and v 2 v r � 1 of tv righthe2 tocolumnv eryevr in and,� ,1 tstenws rov ofconr thehangingand terc inv ,r � 1 for utationG ermtradiction.conF a,2 pcost-threeassume ,v ygeneralit2 oflossesdoon lieF notWithout3 s.erticeat tv hmenattac2 Themore.edgetu endanp2 theev bust2 morand three degreev hasand3 vmoreon lieF ustm3 oreelse ,G �v eisitfor utationG erm pfu ncost-three2 adifyv moto2 mattersimpleg a wcost-threeafor utationG ermtradiction. con2 aagainriangles. Tsinceandof alv vremo1 0,34-0220v pattern-stringhas4 13.2.1obstruction(or wn knov SinceThree2 ,pv obtainto4 noBut31 7.IObstructionObstruction(s)13.2.1 11.3.1 15.2.2 13.3.5 15.2.3 13.3.6 15.2.4 13.3.2 15.2.5 13.3.3 15.2.6 13.3.3 15.2.7 13.3.4 16.2.1 12.3.1 16.2.2 14.3.3 � 14.3.5,� 16.2.3 14.3.4 � 14.3.6,� 16.2.4 14.3.213.3.1,� 16.2.5 12.3.1 16.2.6 12.3.1 17.2.1 13.3.1 17.2.2 15.3.1 � 17.2.3 13.3.517.2.4 13.3.617.2.5 15.2.1 17.2.6 15.3.315.2.2,� 17.2.7 15.3.415.2.3,� 18.2.1 15.2.1 18.2.2 14.3.1 � 16.2.119.2.1 15.3.2 � 16.2.120.2.1 16.3.1 � 17.2.1� obstructionnewoneleast30 for utationG erm pfrom constructedM eb0 cancost-threetradiction.conat tv hmenattac4 theusthat wsF folloIt2 edge.t(elsetagonv enp5 aeand pathsG t endanobstructiontainsoth bv ,Additionally1 11.2.1).conand erly propv pmore5 oroneotherwise sinceM ts,hmen0 attaceagaincanfor utationG ermthat clearF wno1 isItebset ertexf vv withtriangle1 aust, m .v pcost-three5 aduce, pro tov di�edmo6 ebg vthat andv ,ha6 ustmelse o,G w terlyprop(6-1e 15.1.11 obstructione tains1 cone degreeat tv nhme1 attactheor Also, ).v ev5 haustsingleaelse path,G t endan(5-2e 17.1.11 obstructione tainsthat meansG this Butais35-3e pattern-string3 withe graphutation ermA p( cost-threev hash1 whic10,), theofC minor2).1 conp( ev bust5 mm), with tv hmenattac1 anhasv bust5 mendanv pa6 isTh, a ,v athat1 meansthisv 2 , u 2 v 2 , v 4 v 5 , u 4 v 4 , v 3 v 4 , v 2 v 3 , A ( v 3 tradiction.conat tv hmenattac2 theoseat tv nhme4 attacTheustmthat wsF folloagain2 iththisreducingcase. previous2 theto8.C emmafaces.ownkno86.towith acesFconnectedonlyofof29 pattern-with44-2e strings10 Graphse ts.44-0e and22 2e replacemen(5-22e 17.1.11 obstructione wnwithgraph44-0e pattern-string(4-232e 19.1.2notainse conwnknographyoth bv hwhic2 in44and pattern withv anof3 minoraoth bv (oris5 )(34-02200and 13.2.1 obstructionv wnKno6 (5-11111)).15.1.5pathstonutatilist.wing44-0 folloe the1313 inresidesA erm( pv cost-threewhose4 grapha), of minorsC areossibilities1 pother( Allv ts.hmen3 attacas), endan pv moreor3 owv te4 vha, ) obstructionv ofdance2 oivv aand3 7.Aa, (Lemm 0u eb2 othbv ustm2 haractersc, fourth andv �rstits1 then,v stringa2 If)., obstruction wnv knotains1 con2320v The).4 knotain, con 1v 2e4 yptv withobtained5 are14.2.6, and 14.2.5v obstructions1 v 6 , v 5 v 6 , C 2 ( v 5 ), A ( v 6 ) 44-0 e 1331 A ( v 4 ), C 1 ( v 3 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 4 v 5 , v 1 v 6 , v 5 v 6 , C 2 ( v 6 ), A ( v 5 ) 44-0 e 3113 A ( v 3 ), C 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 4 v 5 , v 1 v 6 , v 5 v 6 , C 2 ( v 5 ), A ( v 6 ) 44-0 e 3131 A ( v 3 ), C 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 4 v 5 , v 1 v 6 , v 5 v 6 , C 2 ( v 6 ), A ( v 5 ) 44-0 e 323 e A ( v 3 ), B 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 1 v 6 , u 6 v 6 , v 5 v 6 , v 4 v 5 , B 2 ( v 4 ), A ( v 5 ) 44-0 e 331 e A ( v 3 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 1 v 6 , u 6 v 6 , v 5 v 6 , v 4 v 5 , C 2 ( v 5 ), A ( v 4 ) 3144-0310A ( v 2 ), C 1 ( v 3 ), v 2 v 3 , v 1 v 2 , v 3 v 4 , v 1 v 4 , v 1 v 6 , v 4 v 5 , v 5 v 6 , C 2 ( v 6 ), A ( v 5 ) 1344-0310A ( v 2 ), C 1 ( v 3 ), v 2 v 3 , v 1 v 2 , v 3 v 4 , v 1 v 4 , v 1 v 6 , v 4 v 5 , v 5 v 6 , C 2 ( v 6 ), A ( v 5 ) 44-1 e 31 e 3 A ( v 3 ), C 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 4 v 5 , u 5 v 5 , v 5 v 6 , v 1 v 6 , C 2 ( v 1 ), A ( v 6 ) 44-3 e 13 e 1 A ( v 4 ), C 1 ( v 3 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 4 v 5 , u 5 v 5 , v 5 v 6 , v 1 v 6 , C 2 ( v 6 ), A ( v 1 ) 44-3 e 31 e 1 A ( v 3 ), C 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 , v 4 v 5 , u 5 v 5 , v 5 v 6 , v 1 v 6 , C 2 ( v 6 ), A ( v 1 ) atterns. Ppat-otherts).replacemen8.B emmawith3-GMLthree.leastf oobstruction someG for otherwisefaces withF Assume.1 oPrand at degreeF withh2 eacswhere ,F erticev1 moreor\ e �vF hasface2 oneh= whic inv facest1 edge-adjacenforv obstructionouterplanem o-facedw, tonlym the is� 11.2.1 Obstructionces ertiv vand2 5,Lv;3 2e; yp t..v;m .� y1 borof 6.B aF Lemmy2 b(eitherSince t.G n hmeyb(35-01e 11.2.1at tv nhme2 attactheor 100), obstructionv taincon4 assumptionnotaeat tv hmenattac3 theandpaths.tat tv nhme2 attactheedge tu endanp2 theisv oseSupp2 endanpLet .G moreor0 onee= b ustG m edge,fu nt2 endanpv bust2 mesg dotoThanks7.C, aG Lemm.0 attacanutation ermM pcost-three0 aossessesspansfacefor the ofF aperl1 voand the hF whicin2 phascolumn isv heac1 wnknov alreadyarem ternswithof columnF leftmostthe2 ,obstructionsat tv hmenattac4 theIftainsconthen paths,v tendan1 pmorev orone2 .o-facedfor spanv thein1 columnost28 33-2e attern-stringnewhminorsarelist.wing33-0323 follotheA in( residesv utationerm2 pcost-three), whose graphB aof1 ossibilitiesp( otherv Allt.3 enreplacem), 2 ev ypt1 awithv obtainedis2 17.2.7obstructionv whicfrom3 17.2.6,obstruction, new tsv represen221 P(4-2221).v 18.1.83 v 4 , B 2 ( v 3 ), A ( v 4 ) 33-1313 A ( v 2 ), C 1 ( v 1 ), v 1 v 2 v 3 , v 1 v 3 v 4 , C 2 ( v 3 ), A ( v 4 ) 33-3113 A ( v 1 ), C 1 ( v 2 ), v 1 v 2 v 3 , v 1 v 3 v 4 , C 2 ( v 3 ), A ( v 4 ) 33-3131 A ( v 1 ), C 1 ( v 2 ), v 1 v 2 v 3 , v 1 v 3 v 4 , C 2 ( v 4 ), A ( v 3 ) 33-3320 A ( v 2 ), B 1 ( v 3 ), v 1 v 2 v 3 , v 1 v 3 v 4 , B 2 ( v 3 ), A ( v 1 ) Square. andothbv thatso2 triangle,theand of tv righthe3 toisno ise there If0onehas13.2.1h whicv ingraphs2 consideronlyor e wv 0,34-02203 pattern-stringobstructionoredgeatotsrepresen34-2e attern-stringhwhic34-1111e attern-string Pde- t.en2e34-2e pattern-strings34-0e andobstructionwn(4-232e 19.1.234-1e pattern-string22 withe graph The17.1.1obstruction(5-22 wne kno1 tainse conresidesutationlist.wing34-0 folloe the323 inermA p( cost-threev whosegraph3 aof), minors areB ossibilitiesp1 otherAll( ).v ).kno4 taincon), 232 230v withGraphs3 t.nv replacemeyp4 ta, with obtainedv is14.2.82 obstructionnewv hwhic3 from14.2.7, obstruction newu notesreplacem2 2ev ypt2 awith, obtained isv 16.2.3obstruction1 newfromv 16.2.2,obstruction2 newdenotes, 102 Pv 17.2.2.obstruction1 new34-21120v attern-stringP4 (4-2221).18.1.8v obstructionwn5 knotains, con thatB graphonds2 corresp1( av and2s4 threewith), string AA t.( nv hmeattac5 itsas) patht334-0131A endan( pv singlea3 tendan), p aC haswn1 knoSince( triangle.v theof2 ertexv), a tov ondingcorresp2 ositionpv ain3 leastat, is therev thenstring,1 theinv ts.hmen2 attace, v hav ustm3 squarethev assumee4 Wriangle, T v 1 v 4 v 5 , C 2 ( v 4 ), A ( v 5 ) 134-0133A ( v 3 ), C 1 ( v 2 ), v 2 v 3 , v 1 v 2 , v 3 v 4 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 4 ) 334-0311A ( v 2 ), C 1 ( v 3 ), v 2 v 3 , v 1 v 2 , v 3 v 4 , v 1 v 4 v 5 , C 2 ( v 4 ), A ( v 5 134-0313A ( v 2 ), C 1 ( v 3 ), v 2 v 3 , v 1 v 2 , v 3 v 4 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 4 ) 34-1 e 133 A ( v 4 ), C 1 ( v 3 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 5 ) 34-1 e 313 A ( v 3 ), C 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 5 ) 034-1133A ( v 3 ), C 1 ( v 2 ), v 3 v 4 , v 2 v 3 , v 1 v 2 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 4 ) 034-1313A ( v 2 ), C 1 ( v 3 ), v 2 v 3 , v 3 v 4 , v 1 v 2 , v 1 v 4 v 5 , C 2 ( v 1 ), A ( v 4 ) 34-3 e 131 A ( v 4 ), C 1 ( v 3 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 1 ) 34-3 e 311 A ( v 3 ), C 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 v 5 , C 2 ( v 5 ), A ( v 1 ) 34-3 e 320 A ( v 3 ), B 1 ( v 4 ), v 3 v 4 , v 2 v 3 , u 2 v 2 , v 1 v 2 , v 1 v 4 v 5 , B 2 ( v 4 ), A ( v 1 ) Squares. o44-1e attern-string101 Pe Tw 27 considered.een8.A emmaface.oneofer70.towith acesFtheofobstructionso-facedobtained.7.IObstructionObstruction(s)17.1.1 15.2.4 17.1.2 15.2.617.1.3 15.2.7 18.1.8 16.2.415.2.2,� 18.1.9 16.2.5 18.1.10 16.2.6 19.1.1 15.2.1 19.1.2 17.2.319.1.3 17.2.420.1.1 16.2.1 21.1.1 17.2.1 � obstructionnewfaces.triangles. Tnewhdenotes33-3230withobtained26 3-333is21.1.1).obstructionace. F4-attern-string232 Pe 18.1.8. obstructiontainsconinresideslist.wing4-3131 follotheA utation( ermv pcost-three1 whosegraph), a ofC minora1 isor( obstructions,v theseof2 oneeither), pattern thisv withgraph1 otheryv An19.1.2.2 obstructionwn, kno tsv represennew2 denotes4-2221v attern-stringP3 Squarewn, (kno pattern-stringv whoseminor1 atainsv congraph4 ondingcorresp, the sincev 1233,or3 2133v 4 , C 2 ( v 4 ), A ( v 3 ) 4-323 e A ( v 1 ), B 1 ( v 2 ), v 1 v 2 , v 1 v 4 , u 4 v 4 , v 3 v 4 , v 2 v 3 , B 2 ( v 2 ), A ( v 3 ) 4-3311 A ( v 1 ), C 1 ( v 4 ), v 1 v 4 , v 1 v 2 , v 3 v 4 , v 2 v 3 , C 2 ( v 3 ), A ( v 2 ) ace. F5-22e and1 5-11111e attern-strings Pobstructionswnleastatsingle ae has stringthethenobstructioncandidatelist.wing5-3131 folloe theinA resides( utationv ermp1 cost-threewhose), graph aC ofminor1 ais( otherv yAn2 (4-2221).18.1.8), obstruction tainsv congraph1 ondingcorrespv 1,single2 aand, a Ifv edges.t1 endanpv ow5 tmost, at andu one,tains5 confacev tagonalen5 pa, with obstructionv newy4 An.v elyectiv5 resp17.1.1, and 15.1.5v knoto3 ondcorrespv tagonalen4 P, v 2 v 3 , C 2 ( v 4 ), A ( v 3 ) 5-3113 e A ( v 1 ), C 1 ( v 2 ), v 1 v 2 , v 1 v 5 , u 5 v 5 , v 4 v 5 , v 3 v 4 , v 2 v 3 , C 2 ( v 3 ), A ( v 4 ) 5-1331 e A ( v 2 ), C 1 ( v 1 ), v 2 v 3 , v 1 v 2 , v 1 v 5 , u 5 v 5 , v 4 v 5 , v 3 v 4 , C 2 ( v 4 ), A ( v 3 ) from triesf en1 more; or e2 �v; with string3 nog Hereafter, theecause15.1.5.ace. Fedgest(6-1e 15.1.11 obstructione wn1 knoe tainsewo we t whoseTheositions.6-22e pattern-string11 withe graph p(5-22e 17.1.11 obstructione wnotherAllist.

wing6-31 folloe the31 ine residesutationA erm( pv cost-threewhose1 grapha), of minorsC areossibilities1 p).( knov tainscon2 sixthand), third thev inare1 haracterscv stringsconsider2 onlyneed, us Thv ).con2 graphthev thenthem,3 ont, inciden endanu pe3 vhav facehexagonal3 awith, graph av ofes1 erticvv threeIf6 exagonal, u 6 v 6 , v 5 v 6 , v 3 v 4 , v 4 v 5 , C 2 ( v 5 ), A ( v 4 ) 6-13 e 31 e A ( v 2 ), C 1 ( v 1 ), v 1 v 2 , v 2 v 3 , u 3 v 3 , v 1 v 6 , u 6 v 6 , v 5 v 6 , v 3 v 4 , v 4 v 5 , C 2 ( v 5 ), A ( v 4 ) aces. Fanwith(6-1e 15.1.11 obstructione wn1 knoe eitherobstructionwnthereforeust25 on tv inciden areuse eA w( thenv , pathsthatindicatelisted.order. thein. placede. bto. aret. enhm. attacthe. ofedges. sixthe. toutation. ermp. ain. )t. endanp. three. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v v v a a a b b b c c d d e f � � � � � � � � � � � � � � � tnName ehmNotation ttacAutationermA PA ( v ) v 01a 1*000c 00000e 11111B 00B 001 ( v ) v 10a 011B 2 ( v ) v 01c 111C C 1 ( v ) v 10a 011C 2 ( v ) v 01a 111Shorthand in utationsermaceFace. Fardtforwtsenof ( K 1 ; 3 Lemmafrom24 assumptionsthestated.just. todue. missede. botherwise. tmigh. thatobstructions. fyti. idento. useshall. ew. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . � � � � � � � � � � � � � � � � � � � � � 8.1 2 tsnharacter) (cstring succinct astructure.texternaltheof\top"Lettingx.v ertevi arbitraryanthe denotei atat tv enhmi attacthethe withi th represenet,hmenletter thee attac nothedenotetains.condescrib-ections)in ableattern-string p34-2e ytriangle,aedge thev sharefaces1 owv tThese4 t.rightriangle’sTheis setf ertexv v.1 itstov;4 squareav;5 totg adjacenes erticv vat1 tsn, hme attacv The.2 edgetainsand ,v con3003 bdenotedowpaths.that tionu nei vconothertheat tv endanpi edgeanand(complete23 toendixer.paprom Constructionsreviousfaceone14.2.1{3).and11.3.1,11.2.1{2,18.1.7,17.2.3{4,21.1.1).and(15.1.5).obstructiony-sixt.oinons or escribing Obstructionsewobstructionsseparated-facewithindirectlywithorouterplanethesimpleateger inattern pofercesertineede)ces.degreehasassumeeIf7.H).ista thisement eplactnLemmatoa thisement eplac22 of edgeG an places alF vremo1 whoseand F 2 ts onenC compconnected1 distinctinand C 2 , Assume .u ly e2 ectiv respC 1 and v 2 C 2 . C 1 utation ermM poptimal1 anossessin pustfor spanu the ofelse o,C wt1 costhasfu ng t righowof yG t alifromobtained, SimilarlyC 6.A.a2 Lemmisutation ermM poptimal2 anossesscolumneryfor spanv the ofw noM Buto.1 wtM;2 uv;onutatifor erm pG cost-threetradiction. con2 a,7.4 a t o hese esults More rac s of Consider,3.anis4-GML.for. obstructionit. that6.A. aLemm. fromw. knoe. W7.2. Figurein. depictedgraph. theexample,. for. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . � � � � � � � � � � � � � � � � � � � � � � � � � u v w 7.2 4- M Obstruction y buv out ruledand are 7.Ew and 7.ALemma,and7.GasLemm7.J.. e ree- rac struction et hEacandfaces21 that wA sho+ utation ermM poptimal1 anossessesh whicwuv5 inpcolumn.tmostLet righ theG is0 (G = n A � ) f y x;g f xy ;g yIf .A v( ;v xv then cycle,G atains0 con)< m G and,us thG 0 If three.A cost( hasv then ( K 1 ; 3 ) < m A ( v helptheagain 5.J)G Lemmaof0 (withusthat wG shoto0 ardtforwossessesputation ermM poptimal2 anstraighh whicxy vcanefor utationG erm pplacing yM bcost-three2 aconstructof tM righthe1 towngviw uvand remo andxy von. tradicti2 conaemma .I onlyandfacelesspaths.tf oLet .G o Prfaces withF obstructionan1 denoteendanand p threeF oro2 wtconnectedonlythrough and atv t adjacenAssume .F ist1 hmenattaconly hv whic in7.G).(LemmaLet more from obtainedG graph thedeleting yF bdenote1 fv n g degree-the) ( K 1 ; 3 with )v . Let 5.J).G a(Lemm0 fourcostin in that,G eObserv0 .at tv hmen attactainsconelse path,G tendan0 pone< thanmorem the,G either 5.J.1,G Corollaryto0 dueus,= Th or G 0 = fxy x;g v nwhere x and y on tv inciden paththeandholds. a2 lemm,lary .I.1 andatertex vv single athen ,v through connectedt.enare facesd atefacesthets.onenemma .J ob-the6.A.Lemmaf oobstruction forG otherwise Assumefaces separatedF with.1 oPrand from obtainedF oneis2 structionthenLet .uv faces, separateddenote of5 s s e e . , r re rese r r ce c ree s r er c s. 20 f oLet .G o Prfaces withF obstruction,an1 denoteand F 2 connectedonlythrough and atv t adjacenneither AssumeF .1 nor F 2 o.wLet t degreeC ofs1 erticevof tG onen compfv n connectedg (unique) theofedgeF antains1 conthatfv n denoteg oLet .C wt2 withtriangle(G denote afv n isg ) n C 1 Let .u and w in notG ces. ertivde�ne eG Wisolated1 ofpair(G = an denote C 2 ) f w u;g f uw ;g w vand ; uvG 2 (G = n C 1 ) f w u;g f uw ;g w. v;oth bG thate1 Observuvand G 2 of minorsG er propcost-threeethat wG shoto1 ardtforwonutatiM ermp1 optimalanof columnsf threew ;g v u;else t,G righ extremeantains, larlyG Simi6.A.2 aLemmonutatiM ermp2 optimalanof columnsf threew ;g v u;left.extremefor utationG erm pplacing yM bcost-three2 aconstructo caneof tM righthe1 wthatof columnsf (six)w ;g vthatfactG the tradictsneither thatF assumptionthe1 soandnor r, eF evw2 hoobstruction,triangleahold. cannot2 owLet t degreev of esgraph outerplaneG anoftG onen compfw vj n connectedw the Ifaceg a ontains conv that liestonenthe comp thisattachment term eat w thenv edge, one. leastatemma .H evof ( K 1 ; 3 ). f oobstruction forG otherwiseces ertiu v hand whic inv , Assumeface ofF . oevat tv hmen attac, the withA ts,( nv hme attacof ( K 1 ; 3 ). of ertexA v( Nov unless threeA than( greaterv degree hasas(Lemmof ertexA v( degree-threev No 7.A).andois ertexv v thatof ertexA v( ov w degree-tis)either thatA ws( follov It 7.E).atainsor ( K 1 ; 3 ) < m A ( v us thA and( ),v three.costLet has )A + = A ( v ) f w u;g f uwg ;Let .A wv� ;uv= A ( v ) fv n g 19 outerplanar.notf oLet otherwise.G Assume .other3-GMLthere7.D,of eddingG b emromFof eddingsG b emcesertilet andv face, exteriorthat ev bustotherwise sinceG o, w� tdegreem hasmK Itface.4 thisonLethosen.u c asand w eddingw b emto tv adjacen esthatensuresG edding been wu et band more orw o wr,ethat impliesuw 7.E a2 Lemm vG Moreo. .to restrictedG eddingb0 emthis= Consider lengthG of pathsfv n tg edge-disjoinfaces areF There.1 threetainsand con emF theof2 yalitin maxim TheG .ertic0 vthethat hF sucdenote1 they\ a wF theto2 duenot= is thatuw ertex vLet .M adenote0 theonfor utationG ermp0 cost-threeatoduefor spansF facethe1 oferlapand v oF the7.C,2 aLemmis h, whicuw in denote. vofIf er buw um nmatrix newM a constructfrom e wM then�ll-in,0 notainsw rov addingycolumns placinguv and band con thew vof leftuw ediate imm. thetoIf s izeuw maxim thatw rox somethat wsux follo itand then ,x wtainconw rox inof sideuw h eacaconstructmatrix newM e wfrom case, thisM In.0 toatelyw rov adding ycolumns placinguv and band edi immw vdiateeof leftuw ate edi. immthecase, eitherM In tofor utationG ermthatassumptionG the tradicting3-GML. for2 obstructionan7.3 is dditional hree- rac Obstructions eddingsbamostedge.singleemma .G onlyandow18 in in tainedconof then ,G m K 4 of yG alitryeof of tG onencomp0 connectedthetaining conuv thenterminal,erbof tdi�ereny bw denote eand w hx whic. terminals,othat wsG follo wfrom pathsw t -disjointo ertex vx threetheer,orthree,threetheTherefore paths.G of y� anonm notsome 7.1. Figure2 indepictedemma .E cesertit.adjacenf olet andG otherwise, Assumedegreewithertex vv o wces ertiu v toand t adjacenw t 3-GMLtotneither thatu tee guarannor 5.F.3 Corollaryw and 7.AtotLet .G ertexv0 tendanof minorG the denoteedge tractinguv con yto b obtainedu pand,let a adjacenM isa0 Lemmother.for utationG ermp0 cost-threeafor spansu the ofand rlapew v ois columnuw ost leftmthetainsw row in 1is apuw erl vif oruw , ow rov adding o,replacinganduw w twith cost hasuv the Ifand . leftmostw vfor utationG ermIf tradiction.uw con ahas ,pw rox intainsconw rox inhwhicis of oneux columnsfor utationG erm pfrom constructedM eb0 cancost-threeagain,that assumptionG the tradictingobstructionanonlymore,t.adjacen2 pairwiseareemma .F K 4 17 that columns,uv three mostof columnF leftmostthe2 andatandsame,of tuv righ ateform theuw e v(or ha ustw vsomeforw ) m2 edi immF theto1 columnthecolumn usuv Th .w row in �ll-in, a euw v ha(or ust mw vwrov in �ll-in(or a eu vso anduv ), haand ust muw ) that(or the arew vhwhichangetercto apuv erl valone. o the2 reducesin7.2 this hree- rac Obstructions hat re OuterplanarotSince K 4 oth bK ofminor5 aisand 3-GML, forK obstructionan3 ,; 3 forobstructionsthat establishK wno4 eWtheareouterplanar.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � our Obstructionselatedemma .D 3-GMLforthetoface.exteriorf oforobstructionsestablishto.yLet ert propG this ossess= p ; prop-desiredoferLet exteriorthislet denote n Let .G 0 of subgraphG the denotey us ThG .0 edge, oneuv least at. tainsconLet in pathsG (simple) ofin ertexf vv u;g initial16 spans.allemma .B exactlyisforspans.yf oLet .G o Prfaces withF threecost1 ofgraphand plane aF denoteempt2 isfacesthat hF sucthese1 theof\ rlap eF vo2 theh= whic inv utation erm. poptimalLet an ossessesM p itfor utationG ermforspansF facethe1 ofapand erl vF othe2 osesuppattainsof wsF rothe1 inowsroof the inF ow2 tcostSince 5.K).M a (Lemmsince andv three, costoth bF onertex1 vonlyand theisF haswith2 heaceither ofF edgean1 tsrepresenor rlap eF vo2 theofon tv inciden is. thatcolumnis apw vof erl vF othe2 ofcolumnwith,w rou in �ll-inof a leftmostF theassume1 ,yof costM the Sincetrighof diate ew ve buv ust mIf .x vof imm theF tocolumn1 thethree,of tuv righ thethen ,w vw rox in �ll-inas arequiresthat factM the tradictingonly tainswvand con rlapuv e vfor utationG erm pthewith. y2 ertpropemma .C exactlyisforspanscolumn.onef oLet .G o Prfaces withF threecost1 ofgraphand plane aF denoteexactly2 isfacesthat hF sucthese1 theof\ ap erlF vo2 theh= whic inuv utation erm. poptimalfor utationG ermfor spansF facethe1 ofapand erl vF othe2 osesupptain conuv ust mr,eon tu inciden edgesor t endanv p noebextranocost). atdi�cationof columnF osttm1 rightheoftoth buv righ theof columnF leftmostthe2 andto15 If holds.G (2)ose0 Supp= G fe ng let ,M 0 utation ermM pthe2 denote, u 2 v 2 , M 3 , u 3 v 3 , v 2 v 3 , v 1 v 2 , v 3 v 4 , v 4 v 5 , v 1 v 5 , u 4 v 4 , M 4 , u 5 v 5 , M 5 , M 1 most If 2.G 0 is from obtainedG tracting cone y bto u 1 let ,M 0 utation ermM pthe2 denote, u 2 v 2 , M 3 , u 3 v 3 , v 2 v 3 , v 2 u 1 , M 1 , u 1 v 5 , v 4 v 5 , v 3 v 4 , u 4 v 4 , M 4 , u 5 v 5 , M 5 most 2. If holds.G (3)ose0 Supp= G fe ng let ,M 0 utation ermM pthe2 denote, u 2 v 2 , v 2 v 3 , u 3 v 3 , M 3 , v 3 v 4 , u 4 v 4 , M 4 , v 4 v 5 , u 5 v 5 , M 5 , v 5 v 1 , u 1 v 1 , M 1 most If 2.G 0 is from obtainedG tracting cone y bto v 1 let ,M 0 utation ermM pthe1 denote, u 1 v 1 , M 2 , u 2 v 1 , M 3 , u 3 v 3 , v 1 v 3 , v 3 v 4 , v 1 v 5 , v 4 v 5 , u 4 v 4 , M 4 , u 5 v 5 , M 5 most 2. case, yM anIn0 for utationG ermp0 aisof costG theus0 thandthatthanof less strictlyG is. , 2 . ecial for ree- rac structions for 3.=7.1 eneral hree- rac Obstructions emma .A totertex.vf olet andG otherwise, Assumex ertev v withtadjacenes erticw v to, 3-GML forx obstruction, an denotey . oertex Let .G 0 = G g let andM ,0 cost-threeafor utationG ermp0 denotecolumn thatw vothbx vand of lefty vcolumn thatw vw rox inLet .c 0 atainsconw rox inmatrix constructM e Wfrom . 1M leftmostthe0 thatcolumnw placingandcolumn v of leftc diate. e immM the tofor utationG erm pthree,mosthat assumptionG our tradictingout. y2 lakextended.easilylary .A.1 totertex.vthe graph,o erlap 14 graph TheG for ,exampleybsetting constructed graphG thein1 tainedcon= erly propG isendix2 appthe= in listedK 12.3.1obstruction3 orFsetting andG -GML.3 = ( K 1 ; 3 with ),v 3 one.degreeemma .C Let G 1 G;2 G;3 G;4 and G 5 obstruc-distinct)for let andu -GML,i of ertexG varbitraryi andenote1 for� i � Let 5.C 5 adenoteset ertexf vv withe,i �vorder1 :� of graphi cycle � 5 g from tG disjoin,1 G 2 G 3 G 4 G 5 . graph TheG = G 1 G 2 G 3 G 4 G 5 C 5 f u i v i 1 :� i � 5 g forobstruction( 2)-GML. f oLet .G oPri , u i , C 5 , v i and G Let a.M lemm thedenote oftfor utationG erm pin and,M optimal anlet ,c statementhei inde�nedof columnG adenotei aseleast 1 of wsG rothei iny anc If.i of columnsC osttm5 righanditthenof wsC ro(in5 �ll-insadditional,yassume generalit ofc losswithout1 Otherwise,).of leftc theto2 liesoof leftc theto3 lieshostleftmof columnC theof5 leftthet, enc evthis3 In.of wG roa1 inf v 1 g and,of wG roa2 inf v 2 g of costG the usleast 3. Letting M i cost for utationG ermpi 1cost 1 w rou in�ll-ini aorthat eG observ eexactly theyutation ermM pb1 evidencedas, 3 u 1 v 1 , M 2 , u 2 v 2 , v 1 v 2 , v 2 v 3 , u 3 v 3 , M 3 , v 3 v 4 , v 4 v 5 , v 1 v 5 , u 4 v 4 , M 4 , u 5 v 5 , M 5 . of yG alitonlyneededge, singlee aeitherthat(1) assume ye ma andin isG ,tracting1 conor(2) ,e ving remo= of e�ectu theconsider1 ewv 6.A,a1 Lemmof(3) ore , of= pro thev inAs1 .minimv theestablish2 wno. eWLet holds.G (1)ose0 Supp1 and G 0 of minorsG thedenote1 and G that,of tractione con ortraction, cone a (ifto tractedu conis1 alvif remotheu yb1 obtainedare2 ely ective respBecause ).G ,1 parameter , G 0 1 utation ermM pa0 ossessesp1 costwithmost Let .M 00 1 from costM extrano0 atformed1 matrixthew rov addingy1 bdenotecolumn placingu and1 v 1 w rou in11 awithLet .M columnarbitrary0 antodenote tadjacenutation ermM pthe2 , u 2 v 2 , M 3 , u 3 v 3 , v 2 v 3 , v 1 v 2 , M 00 1 , v 3 v 4 , v 1 v 5 , v 4 v 5 , u 4 v 4 , M 4 , u 5 v 5 , M 5 , most 2. 13 most so andM 1,0 cost If 1.G 0 from obtainedG is tracting cone y bto v 1 let ,M 0 utation ermM pthe2 denote, v 1 v 2 , M 1 , v 1 v 3 , M 3 the Onlyv .i additionalrequireh eacM yai wthecolumnamost so andM 1,0 cost 1. case, yM anIn0 for utationG ermp0 aisof costG theus0 thandthatthanof less strictlyG is. , 2 emma .B Let G 1 , G 2 and ,G 3 ofgraphscost distinct) let andu ,i and v i of esG erticvi distinct)necessarilyfor not(but1 arbitrary denote� i � graph TheG 3. = G 1 G 2 G 3 f v 1 v 2 u;1 v 3 u;2 u 3 g least 1. f oLet .G oPri , u i , v i and G Let a.M lemm theandenotefor utationG erm pin and,M optimal oflet ,c tstatemeni theinof columnG adenotei de�nedasleast in of wsG rothei assume ,c ygeneralit1 oflossof leftc theto2 liesWithouthetoof leftc liesh3 whic.If .u 1 v 3 of leftc theto2 liesthen ,c 2 of wG rosome3 in�ll-initOtherwise,of wG rosome1 in�ll-inof costG the usleast 1. 2 graph TheG exactly if enu ev1,i = v i , 1 � i � 6.2.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . � � � � � � � � � � � � � � � � � � � � � 6.2 5 uilt rom hree 3Costlary .B.1 Let G 1 , G 2 and ,G 3 � let andv 1)-GML,i denote of ertexG varbitraryi an1 for� i � graph TheG 3. = G 1 G 2 G 3 f v 1 v 2 v;1 v 3 v;2 v 3 g has exactly 1. 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1 1 � � � � � � . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Constructions in 6. 6.Candemma .A Let G 1 , G 2 and G 3 obstructionsdistinct)for necessarily let -GML,v i of ertexG varbitraryi andenote1 for� i � let andv 3, isolatedanin notG ertexv1 denoteG 2 G 3 graph TheG . = G 1 G 2 G 3 f v g f vvi 1 :� i � 3 g anis1)-GML. f oLet .G oPri , v i , v and G fromwsthat [FL1]G of 4.3cost 2. of yG alith eacG 5.G.1,Corollaryi toDue1 ,� . mi mini the� establish w3 noecost utation ermM p1i cost aorw rov in�ll-ini 1aSince .G has 1alvsingleaedge, tracting cone orof BecauseG .(1) eithere that assumein isG yma1 ew(2) ore , ,= etry symmvv1 ’sing. vremoLet holds.G (1)ose0 Suppof1 e�ecttheand consider needG onlye0 wtherefore,of minorsG thedenote1 and,edgeand an ofG remothat,of tractione con orofcasethat insiste e wto tractedv cone1 btraction,if con av thein1 yt2 simplici notationale (forBecause ).G alv1 remothealmparameter , G 0 1 utation ermM pa0 ossessesp1 most Let .M thedenoteutation ermM p2 , vv2 , M 0 1 , vv3 , M 3 in columnM A.2 or M 3 most Columns1.vv2 and vv3 in columnM yAn0 o.w1 tcostw rov (in �ll-in), additionalonemost us, ThM 1. cost form eM W1.0 from M extranoplacing yvv1 bcostin columnM arbitrary anw rov in11 awith. totIf holds.G (2)ose0 Suppadjacen= at G fe ng let ,M 0 utation ermM pthe2 denote, vv2 , vv3 , M 3 , M 1 Since .v y aM wthe2 ofBecauseand w. roM itsin3 requiredarew rov in�ll-in2 newaw rov orrequires3 thatcolumn11 Since 1 for column somec -GML, of 1 in M cost theinof 1 Either .c for spanv the incase hc whic (in�ll-inaw rov in orof 1 of columnG ery even ec wetfor spanv the andof 1 . 5.G.1, 2 cost utation ermM p12 columnerycost w rov in �ll-inuse eM W.2 aormatrix newM aconstruct0 to1from ahasM 1 of 1 fv n g atwithis hc whicinsert nextM eW2 ).ofybc ccupied oof 2 fv n g requirecandid thanc �ll-insy ac w thefor spanv the tono,in originallyM column relationof costM theus,0 Th�ll-ins.of thatM than more. noisBecause of erM bum0 nitsfor utationG erm 2 of costG the 2 of thatG exceed 1 . . analogously2 directionerse5.J.1 laryIf ol CorG rev, the 1 and 2 if andG 5.J, 1 for 0 but -GMLG 2 for 0 tainedconin minorG a 2 form theG has 0 2 some 0 2 < m 2 . Let G face withF graph planefor utationG ermcolumneryfor spanF face thetoondof esF ertic vthree.leastf oard. tforw2 Straigh. Construction olso10 � for utationG erm pfv n optimalg ry ehas evthencost 1)-GML, for utationG erm pcost hasthatw rov in 0. aIf G fv n g � then 1)-GML,G fv n g anossessesutation ermM poptimal0 pmost � matrix theM Consider 1.from obtainedM 0 w rov adding yx ertew v hto tv adjacen eacin for and,G bcolumn insertingw vtotw row in 1column ofw vmost Since .v is �ll-ins, additionalM need yfor utationG erm pcost cost w rov in try. en non-zero2 ahas5.G.1 laryLet ol CorG for let andv -GML of ertexG v. a denoteG exactly costw rov in �ll-in. aor5.H emmaone.mostf oard. tforw2 Straigh.5.I emmaIf L oG Pr atains conK ythen subgraph,G a asleast anossessesof edgesK thecolumns.tf o[FL1]. of2 4.1Lemma5.I.1 laryIf ol CorG from ytains conK ediatelthen minor,G a asleast . 5.I.2 laryK ol� 1)-GML. 5.J emmaLet L G let 1 and 2 forIf -GML.G \ 1 = G \ 2 = f v g ertex vv some forof costG the 1 thatequalsof G 2 . f oLet .G o, Pr 1 , 2 and v Let a.M lemm thedenote oftfor utationG erm 1 . 9 Let M 0 for utationG ermp0 optimalanin that,G Note.0 denoteertex vu , threedegrees , w and ,x for casesM ow0 tconsidereitherthatcolumn (1)uw in ,columns u and ux column (2)uw or in1w rou ost. leftmthematrix newM a constructfrom e WM holds.(1)0 oseSuppcolumn replacingux y bwith tainsconcolumn x ww row on elto lab thev hanging cw rov in requiredcolumnsinw rou inof costM the us,of thatM thanmore0 nois. Th.column Ifuw holds. (2)w w rox (orewcolumn u (column ux column ofuw left ediate. imm theM to )constructedecolumn Ifuw (1). inw w rox andcolumnsu and ux ws and x ifthatcolumn anotherc note this,w w (rox then ),c w rou in �ll-inand ahascolumn u (column ux of leftc the tocolumnIfux cost.) incolumn u column euw v modiateecolumn ofux leftcolumn euw v moofleftcolumn ate u . M (1).inBecause as constructedM e bfor utationG ermof costG the ,of thatG exceedcannot0 pa. is w2 nocan5.F.1 laryIf ol CorG and G 0 then 5.F,G a Lemmobstructionanfor is if onlyG andif0 -GMLis. 5.F.2 laryfor threedegreeell.wfor toto.w5.G emmaLet L tG degree ofcost let andv , ofxG erte. v yG an denotecost non-zeroaw rov in tryif onlyG and ifv n eng has � 1)-GML. f oLet .G o Prcost let andv of xG erteIf .G v yfv n ang 8 edge theuv tracting conto y bu that eu (Observ .and w in oG wt0 degreeretainno:that eitherG imply ouldis w decreaseK aossible;3 pisannotfor that orG 2, y .) Because G ecause bG andal0 minimis< m G , G 0 utation ermM poptimal0 anossessmost that factsM therom0 F.ws rou in �ll-insand unnecessary now has and oth bu that and w wsrocolumn inuw only erlapother.theaperl(column v ouw of columnw rou in 1w row in 1eWmatrix newM a costfrom extra noM atconstruct0 .leftmostcolumn replacinguw y bcolumnswithuv , theand us thw v. andtmostfor spanu the assumetainsconfor spanw the erlycolumn withuw , propLet spans.c oth bthatcolumnw row in 1matrix newM a costfrom extra noM atconstruct0 eW, .leftmostcolumn replacinguw y bcolumn withw vcolumn insertinguv y bleftdiatecolumn ofc e. immthecase, eitherM In tofor utationG erm pmost assumptionthethat tradicting conG , no out. y2 lak5.F emmaose SuppG L -tracces, ertiu v tand adjacen ofv pair aIfo.G wt0 degreeofrom obtainedG is hedge theuv tracting conto y bu eacx ertew v newaddingandedge theuw , aof costG the thenof thatG equals,0 adding,. ,tainsf oLet .G o, Pr conG 0 , u , v and w Let ( x denote)to tu adjacen ertex( vv other thein )G Let .M for utationG erm. poptimalmatrix newM aconstruct0 eWfrom an denoteM column replacingx vcolumn withux y band w rov on elto lab thew hanging cw Row . yAnw rou in �ll-inw rov in �ll-incosttheof us, ThM .a0 hadoriginallyof thatM than moreBecause .M nois0 newafor utationG ermp0 aisof costG the,0 needswcannot nothatof thatG exceed. 7 column ux matrix constructM eW0 .from M column nguv vi motiluncolumn ofux tcolumn Sinceux . righw rov in �ll-incostthecolumn ofuv , acolumn ofux costconstructiontheof complete oM T.0 originalthecolumn ew vcolumn ofuv t righSince.column diate ew vw rou incolumn ofuv that than. morenoof costM theTherefore,0 iscostof thatM than greater. noismatrix constructM eW0 holds.(3)from ose SuppM its ,column inguv v motrighcolumn ofw vcolumn Sincew vw rou inthe,column ofuv cost �ll-incolumn ofw vof costM theus,0 Th.cannot costtheof thatM exceed than. more no2 isa5.D emmafor ontx.ertef olet andG otherwise, Assumefor moreorertex vu onLet .w ;let andG path,t0 endanp= hsucG one efw vg ;Because .G uv necause bG andal0 minimis< bvm u;tG inciden, paths tG endanp0 fourwithonutatiM ermp0 aossessesmost on tu inciden pathis tendantrepresenpath ty x;thatteescolumn guaran thisxy since columnsw rou inmatrix constructM e Wfrom .) �ll-inM ahas0 ofpairws rov adding yand bsecondw the osecolumns placinguv y band and ,w vcolumns ofux t righand ediate immxy the toSince.ws rox in requiredand are �ll-insy no hocolumns ofuv costs theand , cw vtheascolumns ofux costs sameand the arexy e (WTherefore, .M y elfor utationG erm patcostmost with that assumptionG our tradictingno out. y2 lak5.E emmaor for econsecutivo.wf olet andG otherwise, Assumefor -GML, con-withces ertiu v, e secutivv 2, and w Let o.G wt0 degreeofrom obtainedG 6 w rov in needednoecausew row in ywhereTherefore, .M an requiredfor utationG erm patcostmost with that assumptionG our tradictingno out. y2 lak5.B emmafor o.wf olet andG otherwise, Assumefor pathtx; endan p..w ;Let more.G orthree0 lengthof= v u;G ; .fw n withg -GMLBecause .G ecausebG andal0 minimis< m G utation ermM poptimal0 anisfor there ,G 0 most Since .u has column thatuv try ew rou in. 1tmostmatrix theM Consider righfrom obtainedM thetains0 consymmw row adding ycolumn insertingw vthetocolumn ofuv t righcolumn Sincew vw rou iniscostcolumn ofuv that asecausebw rov in requiredw row in orTherefore, .M are �ll-insfor utationG erm pcostwithmost that assumptionG the tradictingno out. y2 lakh(whica calldge eshallea simplyath plength).its5.C emmathatforcolumns.tf oLet .G o Prpath tw ;let andM , voptimalanfor utationG ermcolumns thatuv ose Suppand . pw vcolumn thatuv andt,column ofw vw rou in 1column inuv (1) either(2),columns nuv ee wand et bw vcolumn ofw v. trighmatrix newM aconstruct0 eWfrom holds. (1)M ose Suppcolumn ingw vthetocolumn ofuv t righcolumn Sincew v�ll-inaw rou incolumn ofuv that thanarequiresw rov in �ll-inof costM theand0 ,wof thatM than more. noisw rou in 15 tains.cona calledplane is eddingan,an calledouterplane is eddinggraph. bemcalled arees facregionoundedanmeanare graphent actainsconare erte ad ent acmoreoredges.nothe graph,a erte thatcolumnsthe thene facis afortrepresene.inclusivparticularin(n subtraction(\ on[BM].. aracteri ation olsoederiv4 shalleeharacterizarbitrary . 5.A emmafor onelengthertex.vf olet andG otherwise, Assumefor cesertiv v tand endan pw with -GMLertex vu toLet .G tadjacen0 othb= , G fw n g Since .G parameter , G 0 utation ermM pa0 ossessespmost tedaugmenso andM �ll-ins,with0 necessaryasw rov in ertheConsidermatrix .) evM whatso �ll-insfrom obtainedM nohas0 onlyarew row adding ycolumn placinguw and bcolumntouv t adjacencolumn ofuw cost Thecolumn ofuv that toares er s e, r s e e e e r re s, s ere er e r er r e s r e ce. e e res s r ec e s ress e s s rese s rs e, re r r e r r e . 4 graphs.simpleterm the matrixgatefor forinstanceparameter \no" no parameter erpropa setobstructiononly tainsK conthe2 thatseeare obstructionsK onlythe3 2-GML,orand F ( K 1 ; 3 ) 3 (The[BFKL].as wnlars aterpil.) c. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . � � � � � � � � � � Set M . e otation Let G set set let andM , incidenceanfor matrixG denoteelinglabfor a of wsM ro theeww \rou toeersomx erteu v." toondsmatrix theM term ea W correspermutation pfor that wG \rodeterminescolumnsfor The .olumn ctains.conThe it �ll-insermutation pThe columns.aphgrkstraccircuit.ciateda isendant erte ) (simpleath pdistinctofes erticv vsequence1 aisv;2 A.; ..v;h .edge thatv hsuci v i +1 2 1 for� hahare sequencee A .ath ph whicv inpath1 aismore, orv threedegreeh hasendanth eacv andone,i degreehas1 ,hThe o.length w tis pathh a h� suc of1, degree; s e r e s e c e e ; . 3 2.A emalmts.n2.B emgraph graph aG inputaswhether � m G time.olynomialalgo-decisionparticular, Inno graphs. ofeb[FL5].eLetting constructiv in esG erticybis ( 3 If ).F to ( 2 ). although[RS2],ash[FL5].. e a out ro le yles,staswan m matrix oleanM Bo teger columnstheof ute ermM p canto andleftmosthan and a a l-in leWkgroundbacproblem.ngingis �xedyof 1soon instanceses"graph.planarem .A �xed in ( 2 time.)2 tortanmetric.widthandobstructions,ebtinsu�ciencase-eerw2 optousedkheckthree-tracout.y4,SectionIner.erboutsykthree-tracesummarizproblems.. Minor r er graph graph aG to equalthe inminor or thanwritten � m G andifto from obtainedG e berations:opfamily AF edge. arbitraryebd closethat factsG the ifin isF order minorthat � m G implytogetherthat in eF b ustThe .set obstructionfamily aF for mingraphsof tF en complemif Therefore,F order. minorunderclosedharacterization: cG wing folloin isF the hasif 6� m G for ery for setF obstruction the. ine e c r r r s e re e . e r s e s ce r s s se s e er res r c e s ces er e r s re e e es . 1 1. tro uction problemsdecision1 ,raditionallyde-\hard,"them.ee be ofprode-epicture.ealingthat [RS1{RS4]ely oferproblems.natorialalgorithmTheybobstruction(theahonlyThe�nite.isisevidence"andifTheorder.three-theifoutorder.minorparam-witheter out parameter � graph aG is,(Thata if onlyG and if[RS1]ositionmost � oftermslit-theonlys se e r c e ses es s er s r e s, r er re r r r e s. r e , e r cess e s ces r s r ec s r s se rc r r s , . 1992anc . innersle � and hael . angston bstract wn aofeenbin ( 2 ,CuriouslyWhatsets.thisineWerbks.e ords ye r e er c e ce, ers s s, re ce, . s r s rese rc s ee s r e r e ers s s er e er rese rc c e c e ce er r . e r e er c e ce, ers e essee, e, . s r s rese rc s ee s r e r e c e ce er r e ce ese rc r c .